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Abstract Three known examples of coherent emission in radio astronomical sources
are reviewed: plasma emission, electron cyclotron maser emission (ECME) and
pulsar radio emission.
Plasma emission is a multi-stage mechanism with the first stage being gener-
ation of Langmuir waves through a streaming instability, and subsequent stages
involving partial conversion of the Langmuir turbulence into escaping radiation at
the fundamental (F) and second harmonic (H) of the plasma frequency. The early
development and subsequent refinements of the theory, motivated by application
to solar radio bursts, are reviewed. The driver of the instability is faster electrons
outpacing slower electrons, resulting in a positive gradient (df(v‖)/dv‖ > 0) at
the front of the beam. Despite many successes of the theory, there is no widely
accepted explanation for type I bursts and various radio continua.
The earliest models for ECME were purely theoretical, and the theory was later
adapted and applied to Jupiter (DAM), the Earth (AKR), solar spike bursts and
flare stars. ECME strongly favors the x mode, whereas plasma emission favors the
o mode. Two drivers for ECME are a ring feature (implying df(v)/dv > 0) and a
loss-cone feature. Loss-cone driven ECME was initially favored for all applications.
The now favored driver for AKR is the ring-feature in a horseshoe distribution,
which results from acceleration by a parallel electric on converging magnetic field
lines. The driver in DAM and solar and stellar applications is uncertain.
The pulsar radio emission mechanism remains an enigma. Ingredients needed
in discussing possible mechanisms are reviewed: general properties of pulsars, pul-
sar electrodynamics, the properties of pulsar plasma and wave dispersion in such
plasma. Four specific emission mechanisms (curvature emission, linear accelera-
tion emission, relativistic plasma emission and anomalous Doppler emission) are
discussed and it is argued that all encounter difficulties.
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Coherent radio emission from extensive air showers in the Earth’s atmosphere is
reviewed briefly. The difference in theoretical approach from astrophysical theories
is pointed out and discussed.
Fine structures in DAM and in pulsar radio emission are discussed, and it is
suggested that trapping in a large-amplitude wave, as in a model for discrete VLF
emission, provides a plausible explanation. A possible direct measure of coherence
is pointed out.
Keywords Plasma instabilities · solar radio bursts · planetary radio emission ·
pulsars · coherence
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1 Introduction
Radio astronomy began in the 1930s, through the pioneering work of Jansky in
the USA. The field grew rapidly after WWII, when radar groups, in Australia and
England, redirected their interests to the cosmos. By the late 1940s, a variety of
radio sources had been recognized, including the Sun, the Milky Way, supernova
remnants and radio galaxies. Most of these sources are highly nonthermal, in the
sense that the brightness temperature, TB , of the emission is much greater than any
plausible thermal temperature, Te, of the electrons in the source. By the early 1950s
it was recognized that most non-solar emission is due to synchrotron radiation, that
is, to highly relativistic electrons in magnetic fields. Such emission is incoherent,
in the sense that each electron radiates independently of the others, and the total
emission from a collection of electrons is found by summing over the emission by a
distribution of electrons. Two mechanisms restrict TB in a synchrotron source: self-
absorption implies TB < ε/kB, where ε is the energy of the synchrotron-emitting
electrons and kB is Boltzmann’s constant, and inverse Compton scattering restricts
TB to < 10
12K (Kellermann and Pauliny-Toth, 1969).
Radio bursts from the Sun are not due to synchrotron emission and cannot be
explained by any other incoherent emission mechanism. The emission frequency
is associated with the local plasma frequency ωp = (e
2ne/ε0me)
1/2, where ne is
the electron number density in the source, and this led to the emission mech-
anism being referred to as “plasma emission”. Plasma emission is one example
of a “coherent” emission mechanism, where “coherent” means “not incoherent”.
All coherent emission mechanisms involve some plasma instability, and an alter-
native description of them is “collective plasma radiation processes” (Melrose,
1991). Three distinct classes of coherent emission are now well established. Early
theories for two of these were developed in the late 1950s: plasma emission and
Coherent Emission 3
electron cyclotron maser emission (ECME), which occurs near the cyclotron fre-
quency Ωe = eB/me where B is the magnetic field in the source. The third coher-
ent emission mechanism is involved in pulsar radio emission, which is extremely
bright, TB ≈ 1025–1030K (Lorimer and Kramer, 2004), but the specific mecha-
nism remains uncertain. A fourth class of coherent emission is from extensive air
showers in the Earth’s atmosphere; this is included here, although the medium is
(un-ionized) air rather than a plasma.
Any theory for a coherent emission involves particles emitting in phase with
each other. Theoretical models invoke one of three forms of coherence: (a) emission
by bunches, (b) a reactive instability, and (c) a kinetic instability. Idealized limits
of these can be defined by assuming that the distribution of emitting particles is
described by its distribution function, f(x,p, t), in the 6-dimensional x–p phase
space. There are two versions of (a) that differ according to whether the distri-
bution function is regarded as (i) a continuum, assumed here, or (ii) a collection
of individual particles, cf. Equation (75) below. In either case, N particles in a
bunch are assumed to be separated from each other by less than a wavelength
(of the emitted radiation) and to move along nearly identical orbits, so that they
act like a single macro-charge, emitting a power N2 times the power emitted by
a single charge. An idealized continuum model for (a) corresponds to f(x,p, t)
proportional to δ-functions in both x and p. In (b) the particles are highly lo-
calized in momentum space, idealized by a δ-function in p, but not in coordinate
space. In this case, a wave with a specific phase grows due to a feedback mecha-
nism involving self-bunching of the particles in the wave fields. In (c) there is no
localization in x and the momentum distribution is “inverted” in the sense that
there is available free energy that leads to negative absorption, as in a maser or
laser. Maser mechanisms are favored in most astrophysical applications. One rea-
son is that if (a) were to develop, the back reaction can be shown to broaden the
distribution in x so that the bunch spreads out and the emission evolves into (b).
The back reaction to (b) can be shown to broaden the distribution in p so that
the reactive instability suppresses itself, and evolves into a kinetic instability (c).
The back reaction to (c), which can be described by kinetic theory (the quasilinear
equations), tends to reduce the growth rate of the instability until a marginally
stable state is approached. Over the relatively large volumes and long times re-
quired to produce observable emission from an astrophysical source, one expects
that marginally stable maser growth should determine the average properties of
any coherent emission.
Plasma emission is reviewed and discussed in Section 2, with emphasis on
radio bursts in the solar corona. ECME is discussed in Section 3, starting from
the early theoretical ideas, which preceded the applications to planetary, solar
and stellar applications. The pulsar radio emission mechanism remains uncertain,
and the discussion in Section 4 is aimed at explaining why this is the case. Radio
emission from extensive air showers is discussed briefly in Section 5. A more general
discussion of coherence and its role in these applications is given in Section 6. Some
concluding remarks are made in Section 7.
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Fig. 1 Schematic of the dynamic spectrum of radio emission following a flare, shown in terms
of decreasing frequency (corresponding to increasing height) as a function of time following
the flare [from McLean and Labrum (1985)]
2 Plasma Emission
The first theory for plasma emission (Ginzburg and Zheleznyakov, 1958) was mo-
tivated by the known observational properties of solar radio bursts, established
over the preceding decade.
2.1 Properties of solar radio bursts
The initial definitive classification of solar radio bursts, into types I, II and III,
was made in 1950 based on the appearance of the bursts in dynamic spectra
(Wild and McCready, 1950; Wild, 1950a,b):
– Type I bursts (or storm bursts) have durations 1–20 s and a bandwidth, ∆f ,
of a few megahertz.
– Type II are slow drift, with df/dt ≈ −0.25MHz s−1.
– Type III are fast drift with df/dt ≈ −20MHz s−1.
Two other types of bursts were added later in the 1950s: type IV bursts by Boischot
(1957) and type V by Wild et al (1959). A schematic showing meter-wavelength
solar radio emission during and after a solar flare is shown in Figure 1.
The exciting agency for type III bursts was identified, as a stream of mildly rela-
tivistic electrons, by Ruby Payne-Scott in her research notes circa 1947 (Goss and McGee,
2010), but evidently she considered the idea too radical to publish. The exciting
agency for a type II burst was also recognized, early in the development of the
field, a shock wave propagating at close to the Alfve´n speed, vA. There is still no
consensus on the exciting agency for type I bursts.
An important observation, in defining the properties of plasma emission, was
that of harmonic structure in type III and type II bursts (Wild et al, 1953, 1954).
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The implication is that plasma emission occurs near both the fundamental (F) and
second harmonic (H) of the plasma frequency, ωp. (Angular and cyclic frequencies
are used when discussing theory and observation, respectively, with ω = 2πf .)
However, type I bursts are seen only in F emission with no evidence for H emission.
Plasma emission, in types I, II and III bursts, is partly circularly polarized.
F emission in type III bursts (Suzuki and Dulk, 1985) can be highly (e.g., 70%)
but never completely polarized, with H emission weakly polarized (< 10%). Type I
emission, which has no H component, is typically nearly 100% polarized for sources
near the central meridian, with the polarization decreasing from day to day as a
storm approaches the solar limb (Zlobec, 1975).
2.2 Theories for plasma emission
The theory of Ginzburg and Zheleznyakov (1958) was proposed before the de-
velopment of plasma kinetic theory, as reviewed by Tsytovich (1967), cf. also
Tsytovich (1972a,b); Kaplan and Tsytovich (1973). Important details of the the-
ory of Ginzburg and Zheleznyakov (1958) needed to be updated (Melrose, 1970a,b;
Zheleznyakov and Zaitsev, 1970a,b) without changing the overall concept of the
theory. Confirmation of the essential features of the theory occurred later, when
observations from spacecraft provided detailed information on type III bursts in
the interplanetary medium (IPM).
2.2.1 Stages in plasma emission
The original theory involves three stages, as indicated schematically in Figure 2.
The first stage is the generation of Langmuir turbulence through a beam instabil-
ity. The second stage is production of F emission due to scattering off fluctuations
associated with the ions, producing transverse waves with little change in fre-
quency. The third stage is the production of H emission through coalescence of
two Langmuir waves, one from the beam-generated distribution and the other from
the thermal distribution of Langmuir waves. In later versions of plasma emission
all three stages were modified. The beam instability was treated using quasilinear
theory, F emission was attributed to induced scattering of Langmuir waves into
transverse or to coalescence of Langmuir and ion sound waves, and H emission was
attributed to coalescence with a secondary nonthermal distribution of Langmuir
waves produced from the primary (beam-generated) waves by a nonlinear process.
2.2.2 Nonlinear conversion mechanisms
To produce escaping radiation, the energy in Langmuir turbulence must be par-
tially converted into energy in escaping transverse waves. Two nonlinear processes
are relevant. One involves three-wave interactions and the other is induced scatter-
ing. In most examples of plasma emission it is unclear which of these two processes
dominates.
A three-wave interaction involves two waves beating to generate a third wave.
Let the three waves be in modesM , P , Q, with frequencies ωM (k), ωP (k
′), ωQ(k
′′)
and wave vectors k, k′, k′′, respectively. In a coalescence process P+Q→M waves
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Fig. 2 Flow diagram for a variant of the theory of Ginzburg and Zheleznyakov (1958) for the
generation of plasma emission; in other variants the processes indicated that involve ion sound
waves are replaced by other nonlinear plasma processes [from Melrose (1991)]
P and Q beat to form wave M . The inverse M → P +Q is referred to as a decay
process. Both satisfy the beat conditions, also called Manley-Rowe conditions,
ωP (k
′) + ωQ(k
′′) = ωM (k), k
′ + k′′ = k. (1)
One process that leads to F emission is the coalescence L+S → T , where L refers
to a Langmuir wave, S to an ion sound wave and T to a transverse wave. The
relevant dispersion relations are ω = ωL(k), ωS(k), ωT (k), with
ω2L(k) = ω
2
p + 3k
2V 2e , ωS(k) = kvs, ω
2
T (k) = ω
2
p + k
2c2, (2)
where vs = Ve/43 is the ion sound speed and Ve = (kBTe/m)
1/2 is the thermal
speed of electrons with Te the electron temperature. The decay, L → T + S also
produces F emission. Analogous processes L + S → L′ and L → S + L′ produce
scattered Langmuir waves, denoted by L′. H emission results from the coalescence
process L + L′ → T . The wavenumber, k, of a T wave is much smaller than
the wavenumber, k′, of a beam-generated L wave, requiring k′′ ≈ −k′, that is,
requiring that L′ be from a back-scattered distribution.
Qualitatively, one may regard induced scattering as analogous to a three-wave
interaction in which the S waves is replaced by a fluctuation associated with De-
bye screening of ions, with the relevant frequency and wave vector not satisfying
any dispersion relation. Induced scattering is related to the more familiar “spon-
taneous” scattering by a single particle (in this case an ion) in the same way as
absorption is related to spontaneous emission of a wave, with the wave replaced by
the beat between two waves. Induced scattering causes the lower-frequency wave
to grow and the higher frequency wave to damp.
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An alternative conversion process is mode coupling due to inhomogeneities
in the plasma. Although this may be significant under some conditions, it seems
implausible as the basic conversion mechanism for type III and type II bursts.
2.3 Generation of Langmuir waves
Plasma instabilities can have both reactive and kinetic versions. A reactive insta-
bility applies when the imaginary part of the response function can be neglected.
The dispersion equation is then a polynomial equation in ω and k with real coeffi-
cients, so that its complex solutions appear in complex conjugate pairs. Reactive
growth requires that the growth rate exceed the bandwidth of the growing waves,
which determined the rate of phase mixing. When phase mixing is unimportant,
the growing wave has a well-defined phase. A kinetic (or maser) instability applies
when the imaginary part of the response function is included and leads to negative
absorption. Maser growth requires that the growth rate be less than the bandwidth
of the growing waves. Phase mixing then occurs faster than wave growth, imply-
ing that the random phase approximation (RPA) applies. As in a maser or laser,
the RPA does not imply that the growing waves necessarily have random phases;
rather the RPA implies that the phase is irrelevant when considering wave growth.
2.3.1 Reactive growth of Langmuir waves
A model for a weak beam corresponds to an electron density ne = n0+nb, with n0
the number density of background electrons, assumed to be at rest, and nb ≪ n0
the number density of beam electrons with velocity vb. The dispersion equation
for the Langmuir waves is found by setting the longitudinal dielectric constant to
zero. This gives
KL(ω,k) = 1− ω
2
p0
ω2
− ω
2
pb
(ω − k · vb)2 = 0, (3)
with ω2p0 = e
2n0/ε0m, ω
2
pb = e
2nb/ε0m. The dispersion equation (3) may be
written as a quartic equation in ω. For nb ≪ n0 and most values of k ·vb, the four
solutions are all real, ω ≈ ±ωp0 and ω ≈ k ·vb±ωpb, with the latter two solutions
called beam modes. When (ω − k · vb)2 is sufficiently close to zero equation (3)
may be approximated by the cubic equation
∆ω(∆ω +∆ω0)
2 − 12ωp0ω2pb = 0, (4)
with ∆ω = ω−ωp0, ∆ω0 = ωp0−k ·vb. For ∆ω0 ≪ ( 12ωp0ω2pb)1/3 one may neglect
∆ω0, and the three solutions become
∆ω = α( 12ωp0ω
2
pb)
1/3, α = 11/3 = 1, (−1± i
√
3)/2. (5)
The growth rate for the reactive instability is identified as the imaginary (Im) part
of the frequency:
Im(∆ω) =
√
3
2
(
nb
2n0
)1/3
ωp0. (6)
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Fig. 3 The velocity component of a particle along the direction of propagation of a finite
amplitude wave (α = 1) is illustrated schematically as a function of the phase ψ of the wave
for v ≈ vφ by the dashed curves, (a) for an untrapped particle and (b) for a trapped particle;
(c) the solid curves denoted the separatrix between trapped and untrapped particles [from
Melrose (1986b)]
2.3.2 Phase bunching and wave trapping
The mechanism that drives reactive growth is bunching of particles in phase with
the wave. This is a general feature of reactive instabilities, and one may regard
the following model for growing Langmuir waves as a prototype for other reactive
instabilities.
Let ψ = ωt− kz be the phase of the wave, such that the electric field varies as
E = E0 cosψ. The first and second derivatives of the phase are
dψ
dt
= ω − kv = −k(v − vφ), d
2ψ
dt2
=
eE0k
m
cosψ, (7)
where Newton’s equation mdv/dt = −eE is used. Electrons trapped in the wave
oscillate about the phase velocity vφ ≈ vb:
d2
dt2
(v − vφ) = −(v − vφ)ω2t sinψ, ω2t = eE0k
m
, (8)
where ωt is the trapping (or bounce) frequency. To describe the oscillations, it is
convenient to consider the frame moving with the wave, at velocity vφ. Noting that
the electric field, E = E0 cosψ, may be written as E = −∇Φ, the electrostatic
potential is Φ = (E0/k) sinψ. The total energy of an electron, ε
′, is the sum of the
kinetic energy, 12m(v − vφ)2, and potential energy, −eΦ, and is a constant of the
motion. Equation (7) implies(
dζ
dt
)2
= ω2t (α
2 − sin2 ζ), ζ = 12
(
ψ − π
2
)
, (α2 − 12 )ω2t =
ε′k2
2m
, (9)
which may be solved in terms of elliptic integrals. Closed orbits occur for α2 < 1,
as illustrated in Figure 3. The range |v−vφ| < 2ωt/k of velocities corresponding to
trapped electrons increases as the amplitude of the wave (and hence ω2t ) increases.
In a reactive instability, as the phase-coherent wave grows, more and more
electrons become trapped in it, and the bounce frequency of the trapped electrons
increases. It follows that such wave trapping causes a spread in electron velocity,
Coherent Emission 9
around the resonant velocity, which increases as the amplitude, E0, of the wave
increases. The reactive instability is derived under the assumption that there is no
spread in the velocity of the electrons, and this is justified only if the spread asso-
ciated with the bounce motion of the trapped electrons remains smaller that the
growth rate. This suggests that the reactive instability suppresses itself when the
wave amplitude and associated spread in velocities reaches a threshold. Ignoring
factors of order unity, the threshold corresponds to a wave energy density
WL = ε0E
2
0 =
(
nb
n0
)2/3
nbmv
2
b. (10)
As this threshold is approached, phase mixing becomes important, and the growth
passes over from the phase-coherent reactive form to the phase-random kinetic
form of the instability. This transition between reactive and kinetic growth may
be treated by including a velocity spread, ∆vb, in the distribution function of the
beam. The condition for this transition to occur then corresponds to(
nb
n0
)1/3
∼>
vb
∆vb
. (11)
2.3.3 Kinetic version of beam instability
The kinetic version of the beam instability may be attributed to negative Landau
damping. A kinetic theory derivation of the absorption coefficient for Langmuir
waves resonating with electrons gives
γL(k) = −πe
2ωp
ε0k2
∫
d3p δ(ωp − k · v)k · ∂f(p)
∂p
. (12)
The simplest example corresponds to a one dimensional (1D) model in which only
Langmuir waves propagating along the streaming direction are considered.
Let the streaming direction, and hence the 1D direction, be the z-axis. A
reduced distribution function for the electrons is defined by integrating over the
momentum components perpendicular to this axis:
F (vz) =
1
nb
∫
d3p δ(vz − κ · v)F (p), (13)
with κ = k/k. In the 1D model the absorption coefficient (12) reduces to
γL(vφ) = −π
ω2pb
ωp
v2φ
dF (vφ)
dvφ
, (14)
with vφ = ωp/k. The waves may be described by their energy density per unit
range of vφ, such that the total energy density in the waves is
WL =
∫
dvφW (vφ). (15)
The kinetic equation for the waves is
dW (vφ)
dt
= −γL(vφ)W (vφ), γL(vφ) = −πωp
ne
v2φ
dF (vφ)
dvφ
. (16)
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Fig. 4 The evolution of the bump-in-tail instability: (a) the initial distribution causes waves
to grow for vφ = v in the range where dF (v)/dv is positive; (b) as the growth proceeds, the
bump in the tail (shown on an expanded scale) is eaten away to form a plateau dF (v)/dv ≈ 0
that extends to lower v with time (denoted by numbers in units of the initial growth time)
[from Grognard (1975)]
The evolution of the distribution of electrons is described by a quasilinear equation,
which corresponds to diffusion in momentum space. In the 1D approximation, the
evolution of the reduced distribution is described by
dF (v)
dt
=
∂
∂v
D(v)
∂F (v)
∂v
, D(v) =
πωp
nem
vW (v), (17)
which corresponds to (1D) diffusion in velocity space with diffusion coefficient
D(v). The 1D equations (16) and (17) conserve both energy and momentum, as
well as the number of electrons. These conservation laws correspond to
nb
∫
dv
 1mv
1
2mv
2
 dF (v)
dt
+
∫
dvφ
 01/vφ
1
 dW (vφ)
dt
= 0. (18)
An example of the 1D evolution of the distribution of particles is illustrated
in Figure 4. The distribution function relaxes towards a plateau, dF (v)/dv = 0,
in velocity space. The asymptotic solution corresponds to F∞ = constant for
0 < v < vb. Suppose the initial beam has a small velocity spread, and hence an
energy density 12nbmv
2
b. The energy density for a plateau distribution with the
same nb is only a third of this initial energy density, implying that the remaining
two thirds of the energy has been transferred to the Langmuir waves.
2.3.4 Sturrock’s dilemma
A large loss of energy to Langmuir waves leads to an inconsistency called “Stur-
rock’s dilemma” (Sturrock, 1964): the beam would slow down before propagating
any significant distance from the source. For example, assume a plasma frequency
of 100MHz and a beam with number density nb = 10
−6n0. The growth rate is then
of order 10−6 times the plasma frequency, and the asymptotic state is approached
after about 100 growth times. These numbers suggest that a plateau should form
on a time scale of order 0.1 s, so that the beam must slow down on this time scale.
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A beam with speed vb of order 10
8ms−1 would lose a large fraction of its energy
to Langmuir waves after propagating about 107m. This clearly does not occur.
There is no evidence for systematic slowing down of the electrons that generate
type III bursts in the corona, and the electrons are known to propagate through
the IPM, to well beyond the orbit of the Earth, apparently without slowing down.
Evidently, the loss of energy to the Langmuir waves is never as catastrophic as
simple theory implies.
One early suggestion on how this dilemma might be overcome is to appeal
to an inhomogeneous beam, in which faster electrons continually outpace slower
electrons, causing the positive slope at the front of the beam to be continually
regenerated (Zaitsev et al, 1972). To avoid the catastrophic energy loss it was sug-
gested that slower electrons towards the back of the beam absorb the Langmuir
waves generated by the faster electrons near the front of the beam, so that the
energy is recycled. However, this recycling would need to occur with an impossi-
bly high efficiency to resolve the dilemma. The dilemma was only resolved when
type III bursts in the IPM were studied in detail (§2.6).
2.4 Three-wave interactions
The three-wave interaction, satisfying the beat conditions (1), can be described
by a set of three kinetic equations, one for each mode M,P,Q. These equations
are particularly useful in determining the saturation conditions, and hence the
effective temperature of the F and H emission. An effective temperature, TM (k),
for waves in the modeM , corresponds to an energy density kBTM (k) in the range
d3k/(2π)3, where kB is Boltzmann’s constant. It is convenient to introduce the
wave action, NM (k) = kBTM (k)/ωM(k).
2.4.1 Kinetic equations for three-wave processes
The kinetic equations for the three waves involved in the coalescence, P +Q→M ,
and decay, M → P +Q, processes are
dNM (k)
dt
=
∫
d3k′
(2π)3
d3k′′
(2π)3
uMPQ(k,k
′,k′)
{
NP (k
′)NQ(k
′′)
−NM (k)
[
NP (k
′) +NQ(k
′′)
]}
,
dNP (k
′)
dt
= −
∫
d3k
(2π)3
d3k′′
(2π)3
uMPQ(k,k
′,k′)
{
NP (k
′)NQ(k
′′)
−NM (k)
[
NP (k
′) +NQ(k
′′)
]}
,
dNQ(k
′′)
dt
= −
∫
d3k
(2π)3
d3k′
(2π)3
uMPQ(k,k
′,k′)
{
NP (k
′)NQ(k
′′)
−NM (k)
[
NP (k
′) +NQ(k
′′)
]}
. (19)
The quantity uMPQ(k,k
′,k′) ∝ δ[ωM (k)−ωP (k′)−ωQ(k′′)]δ3(k−k′−k′) ensures
that the beat conditions (1) are satisfied, but its explicit form is not important in
the present discussion. Together the set of equations (19) ensures that the energy
and the momentum summed over the three wave distributions are conserved.
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In a plasma emission model based on evolution of the Langmuir turbulence
due to ion-sound or other low-frequency waves, one of the three modes is the
beam-generated Langmuir waves, denoted L say, and the other modes are denoted
L′, S, and T , corresponding to scattered Langmuir waves, ion-sound waves and
transverse waves, which include fundamental, T → F, and harmonic, T → H,
emissions.
2.4.2 Saturation of the three-wave interactions
The three-wave interactions saturate when the condition
NP (k
′)NQ(k
′′) = NM (k)
[
NP (k
′) +NQ(k
′′)
]
(20)
is satisfied. The condition (20) may be rewritten as
TP (k
′)
ωP (k′)
TQ(k
′′)
ωQ(k′′)
=
TM (k)
ωM (k)
[
TP (k
′)
ωP (k′)
+
TQ(k
′′)
ωQ(k′′)
]
. (21)
In particular, in thermal equilibrium each of the effective temperatures is equal to
Te, and Equation (21) is satisfied in view of ωM (k) = ωP (k
′) + ωQ(k
′′).
The saturation condition (21) provides significant constraints on a model for
plasma emission. Two of the waves must be from nonthermal distributions to
produce a nonthermal distribution of the third wave. For example, consider the
original suggestion by Ginzburg and Zheleznyakov (1958) that H emission is due
to coalescence of nonthermal beam-generated Langmuir waves with thermal Lang-
muir waves; the identifications P → L, Q → L′, M → H, with TL ≫ TL′ = Te
imply TH = 2Te, and hence that the mechanism cannot explain nonthermal H
emission (Melrose, 1970a). For the processes involving ion sound waves to be ef-
fective in F and H emission, one must have TS ≫ Te, and such waves cannot
be generated effectively from a single nonthermal distribution of L waves. The
assumption that these three-wave processes saturate in plasma emission offers a
natural explanation for the observation that the brightness temperatures for F and
H emission are often comparable: both are limited to < TL.
2.5 Modified forms of plasma emission
The original theory of plasma emission was developed to explain type III emission.
Type II emission was assumed to be analogous to type III, due to electrons stream-
ing away from a shock front. The original theory has been modified in various ways,
to explain specific fine structures in observed emission, and to include the effect
of the magnetic field, notably in connection with the polarization. Some examples
of these various modifications are discussed here. Also discussed are two poorly
understood phenomena that are clearly due to plasma emission. Type I emission
has properties that are qualitatively different from type III emission, notably the
absence of a harmonic and high polarization, and why this should be the case is
inadequately understood. Type I emission also includes a continuum, the “storm
continuum in Figure 1, and there are other continua that are not associated with
type I bursts. There is no widely accepted model for such continua in terms of
plasma emission.
Coherent Emission 13
2.5.1 Fine structures
There have been extensive observations of various fine structures in solar ra-
dio bursts, cf. the review by Chernov (2011). An early observation was of drift
pair bursts (Roberts, 1958), and more detailed observations (Ellis and McCulloch,
1966; Ellis, 1969) led to the identification of three classes of fine structure: (a)
fast drift storm bursts with a mean frequency-time slope of 19MHz s−1, a mean
bandwidth ∆f ≈ 003MHz and a mean duration ∆t = 06 s; (b) drift pair bursts
with df/dt = 12MHz s−1 and ∆f = 045MHz; (c) split pair bursts with df/dt =
008MHz s−1, ∆f = 005MHz, and ∆t = 14 s. Another type of fine structure oc-
curs in type IIIb bursts (de La Noe¨ and Boischot, 1972), which consist of “striae”
within an envelope typical of a type III burst. These bursts are observed at metric
wavelengths. A different class of fine structures is observed in the decimetric band,
including zebra patterns, fiber bursts and tadpoles (Elgarøy, 1961; Slottje, 1972;
Chernov, 2006, 2016).
Various modifications of plasma emission have been suggested to account for
these fine structures. Some of these suggestions involve inclusion of the magnetic
field, but others do not. Amongst the latter are models for drift pairs and type IIIb
bursts. One early model for drift pair bursts (Roberts, 1958) involves two rays
reaching the observer from the same source; one is the direct ray, and the other is
a ray initially directed downward and then refracted strongly so that it is redirected
upward (a “reflected” ray). Another model involves the frequency difference result-
ing from two 3-wave processes that result in fundamental emission: L+S → T and
L→ T+S, where S is any appropriate low-frequency fluctuation (Melrose and Sy,
1971; Melrose, 1983). A more favored interpretation is in terms of propagation
through a medium with filamentary irregularities (Takakura and Yousef, 1975).
The irregularities can lead to favored locations where the growth factor for the
Langmuir waves is large resulting in intermittency in the Langmuir turbulence
governed by the irregularities (Li et al, 2011a,b, 2012a; Loi et al, 2014).
Another modification of plasma emission, which is not discussed here, in-
volves including a third harmonic (Takakura and Yousef, 1974; Zlotnik et al, 1998;
Yoon et al, 2002; Fomichev et al, 2013).
2.5.2 Inclusion of the magnetic field in plasma emission
A magnetic field affects all three stages of plasma emission: the properties of the
Langmuir waves and of the instability that generates them, the properties of the
nonlinear processes, the properties of possible counterparts of the ion sound waves
in the three-wave interactions, and the properties of the escaping waves, which are
in either the o mode or the x mode of magnetoionic theory. The formal theory for
wave dispersion and the wave properties of most relevance here can be summarized
as follows.
In a coordinate system with the magnetic field along the z axis and the wave
vector in the x-z plane at an angle θ to it, the wave equation may be written in
the form
ΛijEj = − i
εω
Jext i, Λij = n
2κiκj − n2δij +Kij , (22)
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where Jext is an extraneous current, regarded as a source term, n = kc/ω is the
refractive index, κ = k/k = (sin θ, 0, cos θ) is the unit vector along the wave-normal
direction, and Kij is the dielectric tensor. The polarization vector is e = E/|E|.
The dispersion equation is obtained by neglecting the source term and setting
the determinant of the coefficients on the left hand side of Equation (22) to zero:
|Λij | = 0. Different approximations are made in treating the Langmuir-like waves,
the low-frequency waves and the o and x mode waves.
2.5.3 Magnetoionic modes
Radio-wave propagation in the solar corona is well described by the magnetoionic
theory, in which the plasma is treated as a cold magnetized electron gas, corre-
sponding to the magnetoionic theory, with ωp and Ωe incorporated into the two
magnetoionic parameters X = ω2p/ω
2, Y = Ωe/ω. Far from the source, the o and
x modes are oppositely circularly polarized, and the degree of polarization of ob-
served plasma emission is defined in terms of the degree of circular polarization.
Plasma emission is polarized in the sense of the o mode.
For a cold electron gas Kij has the form (Stix, 1962)
Kij =
 S −iD 0iD S 0
0 0 P
 , S = 1−X − Y 2
1− Y 2 , D =
XY
1− Y 2 , P = 1−X. (23)
The dispersion equation, |Λij | = 0, may be written as a quadratic equation for
n2. The two solutions are called the ordinary and extraordinary wave modes.
Each mode has a lower frequency branch (the whistler mode and the z mode)
and higher frequency branch (the o mode and the x mode), separated by a region
of evanescence (where the solution for k is imaginary). Only waves on the higher
frequency branches can escape. The handedness of the o mode (x mode) is opposite
(the same) as the sense of electron gyration in the magnetic field.
In the approximation in which the modes are assumed circularly polarized,
their dispersion relations reduce to
n2σ = 1− X
1 + σY | cos θ| ≈ 1−X(1− σY | cos θ|), (24)
where the approximate forms apply for the o and x modes with σ = ±1, respec-
tively. For Y | cos θ|, X/Y ≫ 1, the general form with σ = −1 gives the approxi-
mate dispersion relation, The approximate dispersion relation, n2 = X/Y | cos θ|,
for the whistler mode follows from the general form (24) for Y | cos θ|, X/Y ≫ 1
and σ = −1.
2.5.4 Longitudinal and low-frequency waves
The inclusion of both a magnetic field and thermal motions leads to a rich variety
of waves that could play the role of the Langmuir waves or the ion sound waves
in plasma emission.
Coherent Emission 15
For the Langmuir-like waves, the general dispersion relation is replaced by the
longitudinal dispersion relation κiκjKij = 0, with solution ω = ωL(k, θ). This
solution has a simple form for ω2e ≪ ω2p,
ω2L(k, θ) = ω
2
p + 3k
2V 2e +Ω
2
e sin
2 θ, (25)
which reduces to ωL(k) for Ω
2
e sin
2 θ = 0. For perpendicular propagation, sin θ =
1, the dispersion relation (25) describes upper-hybrid waves. For perpendicular
propagation, there are other weakly damped longitudinal waves near harmonics of
Ωe, referred to as (electron) Bernstein modes.
The low-frequency waves in a magnetized plasma include Alfve´n waves, magneto-
acoustic waves and whistler waves. The first two correspond to MHD waves with
dispersion relations approximated by ω = |k‖|vA and ω = kvA, respectively. The
wavenumbers for these waves are too small to be relevant to plasma emission,
which requires k approximately equal to that of the Langmuir mode to satisfy the
beat conditions (1). The whistler mode is the low-frequency branch of the ordi-
nary mode of magnetoionic theory; it has a resonance at ω = Ωe| cos θ|, and has
large k near the resonance. Far from the resonance, the dispersion relation may
be approximated by n2 ≈ ω2p/ωΩe| cos θ|.
Several different plasma emission mechanisms have been proposed for fiber
bursts, zebra patterns and spike bursts. One involves whistler waves (Kuijpers,
1975), and another involves upper hybrid waves and Bernstein modes (Rosenberg,
1972; Chiuderi et al, 1973; Zheleznyakov and Zlotnik, 1975a,b,c; Bena´cˇek et al,
2017). One suggestion for the generation of the upper hybrid waves is through
a loss-cone instability (Zaitsev and Stepanov, 1983). A plasma-emission model for
microwave spike bursts was proposed by Chernov et al (2001).
These examples illustrate some of the possible variants of plasma emission that
have been invoked to explain specific features in the metric and decimetric bands.
From about the mid-1970s, detailed data on type III and type II emission in the
interplanetary medium became available, and the emphasis in modeling plasma
emission shifted to bursts in the IPM, as discussed briefly below.
2.5.5 Polarization of plasma emission
Simple theory suggests that F emission should be 100% polarized in the o mode.
The argument is based on the frequency of emission, which is above the cutoff
frequency, at ωp, of the o mode, and below the cutoff frequency of the x mode, at
ωx =
1
2Ωe +
1
2 (Ω
2
e + 4ω
2
p)
1/2 ≈ ωp + 12Ωe, (26)
where the approximate form applies for ωp ≫ Ωe. The frequency of the beam-
generated Langmuir waves,
ωL(k) = (ω
2
p + 3k
2V 2e )
1/2 ≈ ωp
(
1 +
3V 2e
2v2φ
)
, (27)
with vφ ≈ vb, is between the cutoff frequencies for the o and x modes. If F emission
is due to the processes L + S → T , L → T + S, its frequency differs from ωL by
the ion-sound frequency, ωS(k
′) ≈ k′vs ≈ (ωp/43)(Ve/vb), and the change in
frequency is similarly small if F emission is due to induced scattering. Even for a
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weak magnetic field, Ωe/ωp ≈ 0.1 and a low beam speed, vb/Ve ≈ 10, F emission
cannot exceed ωx. Hence F emission is allowed only in the o mode. The fact that
type I emission can be 100% polarized in the o mode is consistent with this simple
theory. The accepted explanation for why not all F emission is 100% polarized
is that depolarization occurs as a propagation effect. The argument for this is
somewhat different for type I emission than for type III and type II emission.
Detailed calculations of the polarization of H emission imply that it should
be weak and generally favor the o mode (Melrose et al, 1978). Although this is
consistent with observations, there are too many uncertainties in the details of the
processes leading to H emission for a quantitative comparison.
2.5.6 Propagation effects on plasma emission
Refraction has a major effect on the propagation of F emission. The refractive
index of F emission at its source may be estimated by assuming that its frequency
is ωL, and then equation (27) and n
2 ≈ 1−ω2p/ω2L implies n ≈
√
3Ve/vb ≪ 1. Along
the ray path, n increases towards unity, and Snell’s law implies that the emission
(including nearly backward emission) is refracted into a cone with half-angle ≈√
3Ve/vb. The average density gradient is in the radial direction, suggesting that
only a source within this angle of the central meridian could be observed. However,
F emission is observed from sources anywhere between the central meridian and
the solar limb. For F emission from near the limb to be observed, it must be
scattered through a large angle.
For type I emission, the visibility of a source near the limb is attributed to a
single large-angle scattering (Bougeret and Steinberg, 1977; Wentzel et al, 1986),
rather than many small-angle scatterings. The model requires that the corona be
locally inhomogeneous with sharply bounded overdense and underdense regions,
referred to as fibers (Bougeret and Steinberg, 1977), elongated along the mag-
netic field lines. Such reflection-like scattering of an incident o mode wave leads
to reflected waves in both o and x modes, and hence to a net depolarization. For
example, scattering at the Brewster angle would result in linearly polarized emis-
sion, which corresponds to equal mixtures of the o and x modes which would be
observed as unpolarized emission.
Radioheliograph images of type III and type II bursts suggest that what is
seen is an apparent source that is much larger and at a greater height than the
actual source. The interpretation is in terms of ducting (Duncan, 1979). The idea
is similar to light being guided along a collection of optical fibers. In this model the
ducts (or fibers) are sharply-bounded underdense elongated regions that extends
over a large distance (or order the solar radius), so that the emission is guided
along the magnetic field until the plasma frequency outside the duct has decreased
to well below the wave frequency. Reflections off the walls of the duct lead to a
systematic depolarization of initially 100% o mode emission (Melrose, 2006). This
is also consistent with a systematic partial depolarization of type III and type II
bursts.
Ducting can also account for the effective temperature of thermal radio emis-
sion being of order a factor ten smaller than the known electron temperature of
the corona. In the ducting model, the apparent source has an area of order ten
times larger than the area of the actual source, implying that its (average) bright-
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ness temperature is of order ten times smaller than the coronal temperature at
the actual source.
2.5.7 Type I emission
Type I emission includes type I bursts and an associated type I continuum (Elgarøy,
1977), and neither is adequately understood. Early theories (Takakura, 1963;
Zheleznyakov, 1965; Trakhtengerts, 1966) for type I bursts were type III-like, in
that they invoked a streaming instability. An obvious problem that arises with any
type III-like model is why there is no second harmonic emission. Another obvious
difference between type I and type III is the polarization. Assuming that type III
F emission is depolarized due to ducting suggests that type I emission is generated
in a region where ducting does not occur. An indication that this is the case is
provided by chains of type I bursts (Hanasz, 1966; Elgaroy and Ugland, 1970). In
a type I–III storm, there is a frequency separation between type I bursts at higher
frequency and type III bursts at lower frequency. In a chain, type III and type I
bursts can appear to be correlated, suggesting that a MHD-like disturbance excites
both, perhaps due to localized regions of reconnection at the boundary between
open and closed field lines.
Type I continuum and some other radio continua, cf. Figure 1, that are at-
tributed to plasma emission have no harmonic component. The lack of frequency-
time structure suggests that the Langmuir waves are not generated through a
streaming instability. Langmuir waves can be generated through a loss-cone in-
stability (Hewitt and Melrose, 1985), but this generates waves at large angles to
the magnetic field, leading one to expect that coalescence to produce harmonic
emission should occur. An alternative idea is that no instability is involved, and
that the Langmuir waves are generated through spontaneous emission by trapped
supra-thermal electrons (Melrose, 1980). The model requires that Landau damping
by the supra-thermal electrons be suppressed, and this is possible if the distribu-
tion function has a gap between the thermal and supra-thermal electrons, where
there are too few electrons to cause significant Landau damping. The model also
requires a high level of ion sound waves so that the conversion processes L+S → T ,
L→ T + S lead to saturation, so that TB is equal to the effective temperature of
the L waves. Even with these assumptions, it is difficult to account for the absence
of H emission.
2.6 Plasma emission in the interplanetary plasma (IPM)
One of the original motivations (pre-1970) for spacecraft to carry radio receivers
was to study the extension of type III bursts from frequencies > 10MHz, corre-
sponding to emission from the corona, to lower frequencies that cannot be observed
using ground-based instruments. The plasma frequency falls off roughly propor-
tional to 1/r in the IPM, implying that a spacecraft at r = r0 can detect F plasma
emission only from r < r0, and H emission only from r < 2r0. Early spacecraft
were at r ≈ 1AU, where the plasma frequency is ≈ 30 kHz. Later spacecraft (Or-
biter and Voyager) went to Jupiter and beyond, and it is now known that type III
bursts continue to much lower frequencies, all the way to the heliospheric termi-
nation shock.
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Fig. 5 The 1D distribution function in a type III event in the IPM showing an increasing
distribution function at early times; for clarity, the curves at different times are displaced
from each other; the short vertical lines at the top of the figure coincide in the absence of the
displacement [from Lin et al (1981)]
In the discussion here, emphasis is placed on the observations in the 1970s that
helped clarify questions associated with plasma emission from the solar corona,
including confirmation of the basic theory, the ratio of F to H emission, Sturrock’s
dilemma and the role of ion sound waves.
2.6.1 Type III bursts in the IPM
Confirmation of the theory for type III emission required that the F and H radio
emission, the electrons and the Langmuir waves all be observed simultaneously,
and that electron distribution be unstable to the growth of Langmuir waves. As
expected, type III emission was found to extend down to 30 kHz. However, the
interpretation of these early results led to uncertainty as to whether the emission
is F or H (Haddock and Alvarez, 1973). This uncertainty was later resolved by
identifying the emission as predominantly F at early times, before the emission
peaks, and predominantly H at later times (Dulk et al, 1984). The early data on
the electrons confirmed the direct link with the radio emission. Later measurements
of the electron distribution, cf. Figure 5, suggested that it is consistent with that
expected when the effect of faster electrons outpacing slower electrons, tending to
increase df(v)/dv > 0, is balanced by quasilinear relaxation (Grognard, 1984).
The early observations did not confirm the presence of the Langmuir waves,
and there was a hiatus of several year before this discrepancy was resolved. It was
realized that the Langmuir waves are extremely intermittent, appearing only in
isolated clumps whose filling factor is only a tiny fraction of the volume occupied
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by the type III electrons.The energy lost by the electrons to the Langmuir waves
is only this tiny fraction of that implied by the (homogeneous) quasilinear model.
This resolved Sturrock’s dilemma, but raised the obvious question of why the wave
growth is so intermittent. One suggestion is that the clumps of Langmuir waves
arise from a modulation instability (Zakharov, 1972), but this is not favored by ob-
servations (Cairns and Robinson, 1995, 1998). Another interpretation is that the
df(v)/dv > 0 is sufficiently small that the distribution in only marginally unstable,
so that the Langmuir waves grow only under particularly favorable conditions. In
a statistical model, called stochastic growth theory (Robinson et al, 1992, 1993;
Robinson and Cairns, 1993), it is assumed that the growth factor is a random
variable, implying that the electric field in a distribution of clumps should satisfy
log-normal statistics, and the data are found to be consistent with this predic-
tion. The intermittency also requires that the models for F and H emission and
for quasilinear relaxation of the electron distribution be based on a statistical dis-
tribution of clumps of Langmuir waves (Melrose et al, 1986; Robinson et al, 1992,
1993; Robinson and Cairns, 1993). Quasilinear relaxation due to clumpy Langmuir
waves has the same form as for a homogeneous distribution of Langmuir waves
(Melrose and Cramer, 1989).
The suggestion that nonthermal S waves play a central role in plasma emission
is at best an over-simplication for type III bursts in the IPM. There are nonthermal
density fluctuations with appropriately low frequencies, but their properties are
not well described in terms of an ion sound wave. The turbulence in the IPM is
consistent with a Kolmogorov spectrum (Matthaeus and Velli, 2011; Chen et al,
2012), which involves a turbulent cascade from larger to smaller scales. Despite
density fluctuations requiring compressibility, the original theory (Kolmogorov,
1941) and later astrophysical models were for an incompressible fluid and Alfve´n
turbulence (Goldreich and Sridhar, 1995), respectively. There are more specific
models for the density structures, including structures that act like potential wells
in the sense that Langmuir eigenmodes get trapped in them (Ergun et al, 2008;
Graham and Cairns, 2013).
In summary, spacecraft observations of type III events in the IPM, on the
one hand, have confirmed the early theory of plasma emission in a general sense
and, on the other hand, have raised many theoretical challenges that are being
addressed in the field of space plasma physics. From the point of view of coherent
emission, perhaps the most important lesson is the extreme intermittency of the
wave growth and the interpretation in terms of marginal stability. In maser termi-
nology, marginal instability applies when the relaxation due to the maser emission
occurs on a much faster timescale than the pump that causes the energy inversion.
In the present case, the “pump” is faster electrons outpacing slower electrons, and
this occurs on time and space scales that are very much larger than the scales
involved in the instability itself. This is plausibly a general feature of all examples
of coherent emission in astrophysical and space plasmas.
3 Electron Cyclotron Maser Emission (ECME)
Gyromagnetic emission from nonrelativistic electrons is referred to as cyclotron
emission. It occurs near harmonics of the cyclotron frequency, ω ≈ sΩe, with the
intensity decreasing rapidly with increasing harmonic number s. Cyclotron absorp-
20 D. B. Melrose
tion can be negative, and this is the basis for ECME. Early (late 1950s) theories for
ECME assumed fundamental (s = 1) emission in vacuo. Gyromagnetic emission
is modified by the presence of a plasma. For plasmas with ωp > sΩe cyclotron
emission at the sth harmonic cannot escape directly. Cyclotron emission at the
fundamental is possible in principle only for ωp < Ωe, and the wave dispersion in
the plasma further restricts the conditions for effective emission to ωp ≪ Ωe.
3.1 Early versions of ECME
The earliest theory for ECME was proposed by Twiss (1958), who considered the
possibility of negative absorption for three radio emission mechanisms. Negative
cyclotron absorption was considered in a model in which the emission is at the
relativistic electron gyrofrequency, ω = Ωe/γ ≈ Ωe(1−v2/2c2). Other early maser
theories (Schneider, 1959; Bekefi et al, 1961) were similar to Twiss’s theory in
three notable ways. First, the intrinsic role played by this relativistic effect, which
implies a one-to-one correspondence between the resonant frequency and the speed,
v, of the electron. Second, the driving term for the maser is an inverted energy
population, which in the isotropic case corresponds to a ring distribution, with
df(v)/dv > 0 below a maximum at v = v0, and df(v)/dv < 0 for v > v0. Third,
the effect of the plasma on the wave dispersion was ignored. It is interesting that
a reactive version of the cyclotron instability was also recognized at about the
same time by Gaponov (1959). In an addendum Gaponov (1959) included the
relativistic term in the gyrofrequency, and this paper became the basis for the
subsequent development of the laboratory gyrotron.
3.1.1 Effect of plasma dispersion
Although these early theories for ECME were not motivated by any specific as-
trophysical application, at about the same time it was recognized that Jupiter’s
decametric radio emission (DAM) is emitted at the cyclotron frequency. The in-
terpretation of DAM requires a coherent form of cyclotron emission, and in the
astrophysical literature this was initially attributed to emission by bunches. Cy-
clotron emission strongly favors the x mode over the o mode, and it was also rec-
ognized that it is essential to take the properties of the wave modes into account
in a cyclotron model for DAM (Ellis, 1962). Specifically, in order for cyclotron
emission to escape it needs to be Doppler shifted to above the cutoff frequency
for the x mode (Ellis, 1962, 1965). The cutoff frequency of the x mode is given by
equation (26), which may be approximated by
ωx ≈ Ωe + ω2p/Ωe (28)
for ωp ≪ Ωe. An upward Doppler shift by > ω2p/Ωe is required. This effect was
included in the model for cyclotron emission by bunches, but was neglected in
early ECME models for DAM. Specifically, Hirshfield and Bekefi (1963) suggested
that the ECME model of Bekefi et al (1961) applies to DAM, but this and some
later cyclotron maser models (Goldreich and Lynden-Bell, 1969) assumed vacuum
conditions, and hence ignored the requirement that the emission be at ω > ωx in
order for it to escape from a cold plasma. Before discussing ECME theories that
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overcome this difficulty it is relevant to outline the formal theory for ECME and
to summarize the properties of DAM and AKR that a theory needs to explain.
3.2 Absorption coefficient
Both the early theories of ECME and the later developments of the theory can be
treated as special cases of a general theory for the gyromagnetic absorption coef-
ficient. Consider waves in a wave mode M , with dispersion relation ω = ωM (k),
polarization vector eM (k) and ratio of electric to total energy RM (k), and elec-
trons with a distribution function f(p‖, p⊥). The absorption coefficient involves a
sum over harmonics, s, of the gyrofrequency Ω = Ωe/γ:
γM (k) = −2πe
2RM (k)
ε0ωM (k)
∑
s
∫
d3p
∣∣e∗M (k) ·V(k,p; s)∣∣2
×δ[ωM (k)− sΩ − k‖v‖] Dˆsf(p‖, p⊥), (29)
with p⊥ = γmv⊥, p‖ = γmv‖ and
D̂s =
sΩ
v⊥
∂
∂p⊥
+ k‖
∂
∂p‖
=
ω
v
∂
∂p
+
ω cosα− k‖v
pv sinα
∂
∂α
,
V(k,p; s) =
(
v⊥
s
z
Js(z), iv⊥J
′
s(z), v‖Js(z)
)
, z =
k⊥v⊥
Ω
, (30)
where Js(z) is a Bessel function.
3.2.1 ECME in vacuo
In the early theories, the effect of the plasma on the wave properties was ignored,
the emission was assumed to be at the fundamental, s = 1, and the electrons
were assumed nonrelativistic. Vacuum dispersion corresponds to replacing ωM (k)
by ω = kc, RM (k) by 1/2, and eM (k) by an arbitrary transverse polarization.
A convenient choice of transverse polarizations corresponds to the directions k×
B and k × (k × B); Bekefi et al (1961) described these as modes, but they do
not correspond to the natural modes of a cold plasma. For emission in vacuo by
nonrelativistic electrons the argument of the Bessel functions is small, z ≪ 1, and
only the leading term in an expansion of the Bessel functions in z need be retained.
With these assumption, the absorption coefficient for the dominant polarization
(denoted x) has the form
γx ∝ −
∫
d3v v2⊥ δ(ω −Ωe/γ − k‖v‖)D̂1f(v‖, v⊥), (31)
where a nonrelativistic notation for the distribution function is used.
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3.2.2 Drivers for ECME
Maser action corresponds to negative absorption, and a necessary condition for
this is D̂sf > 0. Twiss (1958) assumed k‖ = 0, and then the only possible driving
term for the maser is ∂f/∂p⊥ > 0. The other early authors assumed an isotropic
distribution, and then the only possible driving term is ∂f/∂p > 0.
A subtle point is that it is important to include the Lorentz factor γ 6= 1 in
the resonance condition,
ω − sΩe/γ − k‖v‖ = 0, (32)
with the harmonic number s = 1 here. If one sets γ = 1 in the resonance condition,
then it is trivial to partially integrate with respect to p⊥ → mv⊥ in equation
(31), and to show that the term ∂f/∂p⊥ leads only to positive absorption. An
interpretation is that even if one has ∂f/∂v⊥ > 0 over some range of v⊥, one must
have ∂f/∂v⊥ < 0 at higher v⊥ in order for f to be normalizable. The implication is
that the contribution to positive absorption from ∂f/∂v⊥ < 0 at higher v⊥ always
dominates any contribution to negative absorption from a region with ∂f/∂v⊥ > 0
at lower v⊥.
A quantum mechanical treatment provides further insight into the need to
retain γ 6= 1 in treating negative absorption. The energy eigenstates of an electron
in a magnetic field are εn = (m
2c4+p2‖c
2+2neBc2~)1/2 in a relativistically correct
theory and En(= εn −mc2) = 12mv2‖ + n~Ωe in a nonrelativistic theory, with n =
0, 1, . . . the Landau quantum number. The separation between two neighboring
states, n and n − 1 say, is equal for ~Ωe independent of n in the nonrelativistic
case, but depends on n in the relativistically-correct case. The latter effect is
sometimes referred to as anharmonicity. In a maser model, it is convenient to
re-interpret the electron distribution function in terms of the occupation number
Nn(p‖) for the quantum states. A transition between neigboring states n and
n−1 gives a contribution to the absorption coefficient proportional to −[Nn(p‖)−
Nn−1(p‖−~k‖)], with negative absorption requiring an inverted energy population,
Nn > Nn−1. In the nonrelativistic approximation, the transitions between any
two neighboring states has the same frequency, ω = Ωe, and the net absorption
coefficient involves a sum over n. The transition rate is independent of n and
the sum from n = n1 to n = n2 is proportional to Nn1 − Nn2 , which is strictly
positive for n1 → 0, n2 →∞. In contrast, in the relativistically correct theory, the
transition frequency between n and n−1 depends on n, due to the anharmonicity,
and there is a contribution to negative absorption at this particular frequency
for Nn > Nn−1, with all other neighboring states contributing to absorption at
(slightly) different frequencies. The classical counterpart is negative absorption
due to ∂f/∂v⊥ > 0 at the relevant relativistically-correct gyrofrequency.
When the strictly nonrelativistic approximation, γ → 1, is made a maser
can be driven only by the terms ∂f/∂p‖, referred to as parallel driven. Such
an instability may also be attributed to an anisotropic pitch-angle distribution
(Sagdeev and Shafranov, 1961).
3.3 DAM
Jupiter was identified as an intermittent source at decametric wavelengths (DAM)
by Burke and Franklin (1955), over a decade after the early investigations of solar
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Fig. 6 A plot showing the average rate of occurrence of DAM as a function of frequency
and system III longitude; the regions of high occurrence rate are identified as four separate
“sources” of DAM [from Ellis (1965)]
radio bursts. The early observations and interpretations of Jupiter’s radio emission
were reviewed by Warwick (1964).
3.3.1 Properties of DAM
DAM is observed only below about 40MHz. Individual bursts have durations of
a few tenths to several seconds, generally increasing with decreasing frequency.
DAM is highly circularly polarized, and this suggested electron cyclotron emis-
sion (Ellis, 1962; Warwick, 1964), rather than plasma emission from the Jovian
ionosphere (Zheleznyakov, 1958). The identification of both right- and left-hand
polarization at frequencies below about 20MHz led to the suggestion that the
opposite polarizations originate from opposite hemispheres (Dowden, 1963). The
probability of observing a DAM burst varies with the central meridian longitude
(CML). Four regions of enhanced probability are identified as DAM “sources”,
as shown schematically in Figure 6. The sources centered around λIII ≈ 130◦
and ≈ 240◦, respectively, where λIII is the system III longitude, are associated
with the northern and southern magnetic poles. The maximum frequency is inter-
preted as the cyclotron frequency at the pole, implying that the northern pole has
B ≈ 1.4× 10−3T, which is nearly twice that at the southern pole.
DAM bursts with two quite different time scales, referred to as L (long) and
S (short) bursts. L bursts mostly have durations of typically 1–10 s, sometimes
extending to 100 s. S burst have time scales . 1ms.
3.3.2 Correlation with Io
The discovery by Bigg (1964) that the probability of observing DAM bursts cor-
relates with the orbital phase, φIo, of Io (the innermost Galilean satellite) had
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Fig. 7 Schematic drawing of the conical sheet of Io-related radiation leaving Jupiter’s vicinity
[from Dulk (1967)]
a major impact on the subsequent observational and theoretical study of DAM.
The probability is maximum in two ranges, both around 20◦ wide centered on
φIo ≈ 90◦ and 240◦. The sensitivity to φIo led to sources being classified as Io-
related and non-Io-related. The Io effect also depends on frequency, with higher
frequencies being more strongly Io-related than lower frequencies.
A physical interpretation of the Io effect was provided in the late 1960s (Piddington and Drake,
1968; Goldreich and Lynden-Bell, 1969). The idea is that because Io is a good con-
ductor the “Io flux tube”, defined by the magnetic field lines from Jupiter that
intersect Io, becomes frozen in and moves at the angular frequency corresponding
to Io’s Keplerian motion. This implies that the Io flux tube is dragged backwards
through the corotating Jovian magnetosphere. This leads to an electric field, equal
to −v × B, where v is the velocity of the Io flux tube relative to the corotating
magnetosphere and B is the Jovian magnetic field at Io, leading to a potential
difference of about 2MV across Io. It is assumed that electrons are accelerated
along the magnetic field lines by this potential, in a manner analogous to that for
auroral electrons in the terrestrial magnetosphere, and that the emission process
for DAM is due to ECME by these electrons. The general features of this model
for the Io effect were later confirmed by observations during Pioneer and Voyager
flybys of Jupiter.
3.3.3 Emission pattern of DAM
The preferred ranges of CML and of φIo provide strong geometric constraints on an
acceptable model for DAM. An early model that accounts for most of the geometric
features was proposed by Dulk (1967). The interpretation of the geometry implies
a seemingly bizarre emission pattern, confined to the narrow surface of a wide cone
with its axis along the magnetic field direction, as illustrated in Figure 7.
Further evidence of the emission pattern of DAM was provided during Pio-
neer and Voyager flybys. A prominent feature in the observed radio emission is
that enhanced emission occurs in arc patterns in the frequency-time plane. The
interpretation of these Jovian decametric arcs requires highly structured emission,
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Fig. 8 Io-related emission in DAM: lower half from the Wind spacecraft, and upper half from
ground-based observations (Nanc¸ay); the lower arc is from the southern hemisphere, and the
upper arc extending to 38 MHz is from the northern hemisphere [from Queinnec and Zarka
(1998)]
similar to the pattern in Figure 7. Figure 8 shows a combination of spacecraft
data at lower frequencies and ground-based data at higher frequencies; the arc-
like structure at lower frequencies joins on continuously to a high-frequency feature
that is known to be Io related.
3.4 The Earth’s AKR
The early spacecraft launched to observe solar radio bursts found two classes
of “Earth noise”, one of which was identified as plasma emission from electrons
accelerated at the Earth’s bow shock. The other component, e.g. as reviewed by
Treumann (2006), was studied in detail by Gurnett (1974) and called terrestrial
kilometric radiation; the name was subsequently changed (Kurth et al, 1975) to
auroral kilometric radiation (AKR). AKR correlates with “inverted-V” electron
precipitation events, and it is assumed that the radiation is generated by these
electrons. There are obvious analogies and differences between AKR and DAM,
and the understanding of both has been enhanced by comparing them.
3.4.1 Properties of AKR
AKR is one signature of a substorm; substorms occur during geomagnetic storms,
which can last for days, and are powered by energy transfer from the solar wind
to the geomagnetic field. During a substorm, of duration around 103 s, the total
power released, of order 1011W, can be attributed to the rate work is done by
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Fig. 9 Spectrum of AKR [from Gurnett (1974) modified by Treumann (2006)]
a current of a few times 106A against an electric field with a potential of a few
times 104V. A small fraction of this power, 107W to 109W, appears in AKR. The
main energy release involves magnetic reconnection and redirection of current in
the Earth’s magnetotail, at & 10RE , where RE is the Earth’s radius. Energy is
transported Alfve´nically to the source region for AKR at 2–4×103 km above the
Earth on auroral field lines.
AKR has a frequency range of about 50 to 500 kHz, as illustrated in Figure 9.
The highest frequency corresponds to the cyclotron frequency of electrons above
the auroral region. The dominant polarization corresponds to the x mode in the
source region, as expected for ECME, although there is a small admixture of
o mode. The brightness temperature is high, TB ≫ 1010K, with very high values
implied by fine structures from very small regions.
3.4.2 Auroral density cavity
A surprising feature of these early observations was that AKR generation occurs
within an auroral density cavity (Benson and Calvert, 1979; Calvert, 1981), as
illustrated in Figure 10. The subsequent interpretation is that an upward-directed
field-aligned electric field, E‖, with a total potential drop of a few kV, creates the
cavity by removing all the thermal electrons. The only electrons remaining in the
cavity are those accelerated to a few keV by E‖. During a substorm, the auroral
plasma consists of many cavities with a range of widths, generally extending further
in longitude than in latitude, confined latitudinally by dense plasma walls. AKR
occurs only in regions with ωp/Ωe < 0.14 (Hilgers, 1992). The density depletions
can extend up to several Earth radii (Alm et al, 2015).
The inverted-V spectrum is interpreted in terms of the potential drop having
its maximum in the center of the cavity, so that the energy of the precipitating
electrons is maximum at the center, and minimum at the edges of the cavity, as
illustrated in Figure 11.
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Fig. 10 Auroral density cavity: data from the ISIS 1 spacecraft showing that the plasma
density decreases sharply by a large factor as the spacecraft enters the region where inverted-
V electrons and AKR are observed [from Benson et al (1980)]
Reflection of the ECME from the cavity walls has been invoked for several
different reasons. Calvert (1982) suggested that the reflection could act like that
at the partially reflecting ends of a laboratory laser, so that a wave propagates
backwards and forwards many times through the amplifying region before escap-
ing. Hayes and Melrose (1986) argued that partial reflection and transmission at
oblique angles for incident x mode radiation results in a mixture of the two modes,
and suggested that observed o mode emission could be produced in this way.
Ergun et al (2000) invoked reflections to account for ducting along the field lines
to heights where the x mode emission is above ωx in the surrounding medium. A
detailed discussion of ducting in various wave modes was given by Calvert (1995).
3.4.3 Distribution of electrons generating AKR
The correlation between AKR and “inverted-V” electron precipitation events al-
lowed a direct test of models for ECME. The properties of inverted-V electrons
were studied with improving resolution over several decades. A notable feature
of the electron distribution had been recognized from ground-based observations
prior to the discovery of AKR: the electron distribution is approximately mono-
energetic (Evans, 1968), more specifically the electron distribution has a relatively
sharp peak, at an energy εm say. “Inverted-V” describes the shape of the dynamic
spectrum (electron energy versus time) as a spacecraft passes through the region
where the electrons are precipitating: the peak at εm is a function of position (and
hence of time at the spacecraft) increasing from the edge of the density cavity to a
maximum in the center of the region. Subsequently more detailed data led to the
electron distribution function being described as a “shell” or “ring” reflecting the
shape of the contours in velocity space, cf. Figure 12. Early spacecraft data on the
electron distribution also indicated a one-sided loss-cone feature (Eliasson et al,
1979), in the sense that there is an absence of upward directed electrons with
small pitch angles. Early theories for ECME in AKR assumed that the maser is
driven by the loss-cone feature. However, during the 1990s it became increasingly
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Fig. 11 Idealized model for acceleration of auroral electrons by a parallel electric field [from
Ergun et al (2000)]
evident that the shell- or ring-type feature can drive a maser, and this driving term
seems to be the more important in AKR (Ergun et al, 2000; Bingham and Cairns,
2000). This led to the horseshoe-driven ECME models discussed below.
It is helpful to separate cyclotron instabilities into two classes, referred to as
parallel-driven and perpendicular-driven (Melrose, 1986b), depending on whether
the relativistic term in the gyrofrequency is neglected or not. The absorption co-
efficient (29) depends on both ∂f/∂v‖ and ∂f/∂v⊥. When the relativistic term
is neglected, the resonance condition does not depend on v⊥, and one may par-
tially integrate the latter term with respect to v⊥ and show that it contributes
positively to the absorption coefficient. An instability is still possible, and is usu-
ally attributed to an anisotropy v⊥∂f/∂v‖ 6= v‖∂f/∂v⊥ (Sagdeev and Shafranov,
1961). When the relativistic term is included, negative absorption can be driven
by ∂f/∂v⊥ > 0, as in the early models for ECME discussed above. An analogous
separation applies to the two reactive forms of cyclotron instability identified by
Gaponov (1959), which may be attributed to axial and azimuthal self-bunching
which do and do not, respectively, depend on the relativistic term (Winglee, 1983).
3.5 Applications of ECME
Early suggestions that DAM is due to ECME (Hirshfield and Bekefi, 1963; Goertz,
1973; Melrose, 1973, 1976) invoked forms of ECME that did not readily account
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for the observed features of DAM. A loss-cone driven model (Wu and Lee, 1979)
became widely accepted for DAM and for AKR. Subsequent observations of the
electron distribution that drives AKR strongly favored a horseshoe-like distribu-
tion, leading to a horseshoe-driven version of ECME becoming the favored inter-
pretation for AKR.
3.5.1 Resonance ellipse
A useful concept in discussing ECME is a graphical interpretation of the gyro-
resonance condition
ω − sΩe/γ − k‖v‖ = 0, (33)
which is the condition for an electron, with given v⊥, v‖, to resonate with a
wave, with given ω, k‖ at the sth harmonic. When plotted in v⊥-v‖ space for
given ω, k‖, s, equation (33) defines a resonance ellipse (Omidi and Gurnett, 1982;
Melrose et al, 1982; Melrose, 1986b). The ellipse (actually a semi-ellipse with the
region v⊥ < 0 unphysical) is centered on the v‖-axis, at a point ∝ k‖, with its
major axis along the v⊥-axis. The physical significance of the ellipse is that the
absorption coefficient, which must be negative for ECME to occur, can be written
as a line-integral around the ellipse. For a given distribution function, this allows
one to identify the most favorable ellipse as the one that maximizes the negative
contribution to the absorption coefficient. For cases of relevance here, the domi-
nant driving term is ∝ ∂f/∂v⊥ > 0, and the largest growth rate corresponds to
the ellipse that maximizes the (weighted) contribution from this term.
The maximum growth rate for a ring distribution corresponds to the ellipse
reducing to a circle centered on the origin, which corresponds to k‖ = 0. The
maximum contribution from ∂f/∂v > 0, sampled around the circle, corresponds
to a speed v slightly less than v0. It follows that the most favorable case for
ECME driven by a ring distribution is for emission perpendicular to the field lines,
θ = π/2, at ω ≈ Ωe(1−v20/2c2). Such ECME is possible at slightly backward angles
(Speirs et al, 2014). In this case the line-integral reduces to the integral over pitch
angle, with all pitch angles contributing.
3.5.2 ECME theories for DAM and AKR
Melrose (1973) proposed a parallel-driven version of ECME and Melrose (1976)
applied this to both DAM and AKR. The model relies on an anisotropic distri-
bution as the driver (Sagdeev and Shafranov, 1961) and this requires ωp ≪ Ωe
and an extreme form of anisotropy. There was little evidence for ωp ≪ Ωe, but
this condition was later confirmed for AKR (Gurnett and Green, 1978) and is
well satisfied within auroral cavities (Benson and Calvert, 1979; Calvert, 1981).
However, the required extreme form of anisotropy was not confirmed. Wu and Lee
(1979) proposed a perpendicular-driven version for ECME that includes both the
relativistic correction to the cyclotron frequency and the Doppler shift to > ωx.
This version is driven by ∂f/∂v⊥ > 0 due to a loss-cone anisotropy. An attrac-
tive feature of the loss-cone-driven maser is that upward-directed electrons cause
upward-directed waves to grow, and this implies a positive Doppler shift to above
ωx. This loss-cone-driven maser became the preferred version of ECME for well
over a decade. It was applied not only to DAM and AKR, but also to solar spike
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Fig. 12 Two resonance ellipses are illustrated for a horseshoe distribution; one is circular,
corresponding to perpendicular emission, through the region just below v = v0 where the
ring distribution has its maximum positive value of ∂f/∂v; the other indicates the ellipse that
gives the maximum contribution from ∂f/∂v⊥ associated with the loss-cone feature [from
Melrose and Wheatland (2016)]
bursts (Holman et al, 1980), type V bursts (Winglee and Dulk, 1986) and to radio
emission from flare stars (Melrose and Dulk, 1982).
3.5.3 Horseshoe-driven ECME
Although early data on the electron distribution of the inverted-V electrons gave
general support to the loss-cone driven model for AKR, later data implied a horse-
shoe electron distribution (Ergun et al, 2000; Bingham and Cairns, 2000), which
may be regarded as a ring distribution with a one-sided loss cone. Models for
ECME were modified to take this into account, and horseshoe-driven ECME be-
came the favored mechanism for AKR. Negative absorption due to a horseshoe
distribution includes contributions with ∂f/∂v⊥ > 0 from both the ring-type
feature and the loss-cone feature. As indicated in Figure 12, the most favorable
ellipse is a circle for a ring distribution, corresponding to perpendicular emission,
θ = π/2, and the most favorable ellipse for the loss-cone feaure is for an oblique
angle θ 6= π/2. This is also the case for the ring-type feature in a horseshoe distri-
bution. Maximum growth for ECME due to the ring-type feature is for θ ≈ π/2
and at a frequency ω ≈ Ωe(1− v20/2c2). The contribution to the growth rate from
the loss-cone feature is smaller, and is usually neglected. However, it is relevant to
note the loss-cone feature leads to growth of qualitatively different radiation from
the ring feature, notably emission at an angle θ significantly different from π/2
and Doppler shifted to ω > ωx, as in the Wu and Lee (1979) model.
In treating horseshoe-driven ECME the requirement ω > ωx is assumed not to
be relevant. The argument is that when ωp is sufficiently low (and the plasma is
sufficiently hot) vacuum-like wave dispersion applies. Specifically, the stop band
between magnetoionic z and x modes is assumed to be washed out, so that emis-
sion below the cyclotron frequency can escape. The observational evidence is that
the auroral cavity is essentially devoid of thermal plasma so that vacuum-like dis-
persion applies (Pritchett et al, 2002; Speirs et al, 2014). The emitted radiation is
assumed to be ducted upward, by reflection from the cavity walls, until it reaches a
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height where it can escape. Escape is possible at a height were the cutoff frequency,
ωx, of the x mode outside the flux tube is below the wave frequency.
3.6 Formation of a horseshoe distribution
The formation of a horseshoe distribution is attributed to acceleration of electrons
by E‖ along converging magnetic field lines (Treumann, 2006).
3.6.1 Generation of E‖
A qualitative description of how acceleration of auroral electrons occurs is implicit
in Figure 11: the electrons experience a potential drop, −Φ which increases their
energy by eΦ. The energy source for this acceleration is associated with magnetic
reconnection in the Earth’s magnetotail, resulting in the released energy prop-
agating downward as an Alfve´nic Poynting flux. The energy transport and the
acceleration of precipitating electrons occurs in an upward current region, with
the current generating a magnetic field, B⊥ perpendicular to the Earth’s mag-
netic field B0. A cross-field potential is imposed in the source region, and this
produces the E⊥ such that E⊥ × B⊥/µ0 is the Poynting flux. The ionosphere is
a good (cross-field) conductor with a high mass density such that the magnetic
field is line-tied. This requires that the field-aligned potential surfaces high in the
magnetosphere close across field lines somewhere above the ionosphere, imply-
ing that the cross-field potential becomes a field-aligned potential. The electron
acceleration is attributed to the resulting E‖.
This simple model suggests E‖ that varies only over the relatively large scales
shown in Figure 11. However, the observed E‖ consists of localized propagat-
ing structures (Mozer et al, 1980; Bostro¨m et al, 1988). The interpretation of the
observed localized structures is a long-standing problem (Borovsky, 1993). Sug-
gested interpretations include electrostatic shocks (Mozer et al, 1980), double lay-
ers (Block, 1972; Raadu, 1989) and phase-space holes (Schamel, 1986; Newman et al,
2001; Treumann et al, 2011). There is strong evidence for an association of E‖ with
dispersive Alfve´n waves (Chaston et al, 2015).
3.6.2 1D Model
Melrose and Wheatland (2016) showed that a one-dimensional (1D) model for the
electron motion in a flux loop leads to a horseshoe distribution when the following
conditions are satisfied, cf. Figure 13. (a) In the injection region for the electrons,
assumed to be around the apex of the flux loop (where B is minimum), pitch-angle
scattering maintains an isotropic distribution. (b) Outside the injection region, no
pitch-angle scattering occurs so that the magnetic moment, µ = mv2⊥/2B, of an
electron is conserved. (c) The total energy, E , which is the sum of the kinetic
energy, 12m(v
2
⊥ + v
2
‖), and the potential energy, −eΦ(s), is conserved as −Φ(s)
changes from its value (assumed zero) in the injection region, s = sinj say, to its
maximum, Φ0 =
1
2mv
2
0 , just above the ionosphere, at s = s∗ say. (d) The speed v0
is assumed much greater than the typical speed of the electrons in the injection
region.
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Fig. 13 The 1D model is illustrated as a vertical flux tube between the chromosphere (bottom)
and the apex of the flux tube (top), magnetic field lines are shown to diverge, as B decreases
from s = s∗ to s = sinj [from Melrose and Wheatland (2016)]
The electron distribution function in this model can be inferred using Liou-
ville’s theorem, which becomes trivial when the distribution function can be writ-
ten in terms of the two constants of the motions, E and µ. The distribution func-
tion, f(v⊥, v‖, s), at the injection point, s = sinj say, is written as a function,
F (E , µ) say, of the two constants, and the distribution function at any other point
is equal to F (E , µ), with E and µ re-expressed in term of v‖ and v⊥ at s. The
assumptions that the only source of electrons is at s = sinj and that the distri-
bution function is isotropic there implies that F (E) does not depend on µ. The
argument is that E does not depend on pitch angle whereas µ does. It follows
that the distribution function, f(v, s) say, at any other point does not depend on
pitch angle. This corresponds to an isotropic ring distribution, peaked around the
speed v = [−2eΦ(s)/m]1/2 with a spread determined by the spread in the injection
region.
A minor complication is that there are two solutions for v‖ in terms of E and µ
and one needs to introduce separate functions, F±(E , µ), corresponding to down-
going and upgoing electrons, respectively. Moreover, downgoing electrons with
µ > µL mirror and become upgoing electrons, whereas downgoing electrons with
µ < µL precipitate into the atmosphere and are lost, where µ = µL corresponds
to the loss cone. This corresponds to a sink, or negative source term, at the pre-
cipitation point. Following Melrose and Wheatland (2016), we separate F into F±
corresponding to down- and up-going electrons and make a further separation by
writing
F (E , µ) = F+(E , µ) + F−(E , µ), F±(E , µ) = F>± (E , µ) + F<± (E , µ), (34)
where the superscripts indicate µ > µL and µ < µL, respectively. The downgoing
electrons have F>+ = F
>
− and there are no upward propagating electrons in the
loss cone, F<+ = 0.
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This model implies an idealized horseshoe distribution that is independent of
pitch angle except for a one-sided loss cone. The observed one-sidedness of the loss
cone implies that the electrons are not bouncing back and forth between mirror
points in the two hemispheres, and this is built into the model through the assumed
efficient pitch-angle scattering in the injection region. Electrons that return to this
region are isotropized before leaving it again.
3.7 Pump in horseshoe-driven ECME
The foregoing 1D model leads to a simple interpretation of the “pump” for (the
ring-driven component in) horseshoe-driven ECME. Acceleration by E‖ tends to
cause the ring-like feature to develop, and the (quasilinear) back reaction to the
ECME tends to smooth out the ring feature. The energy in the ECME then comes
from the acceleration by E‖.
The back reaction to maser emission may be described using quasi-linear
theory. Numerical treatments for AKR (Pritchett, 1986; Pritchett et al, 2002;
Kuznetsov and Vlasov, 2012) show that the back reaction tends to drive the elec-
trons to lower energy, tending to decrease the positive values of the distribution
function in velocity space and hence to suppress the instability. If suppression did
occur, the back reaction would lead to substantial modification of the distribution
function. However, observation of a horseshoe distribution in the magnetosphere
implies that any modification that is due to the back reaction is only small. As
in the case of type-III bursts, it is plausible that highly intermittent wave growth
occurs and that the back reaction to the statistically large number of localized
bursts of growth maintains the distribution close to the marginally stable state.
The evidence that AKR occurs in a density cavity and is due to horseshoe-
driven ECME is very strong. Specifically, the growth appears to be driven by the
positive gradient of the distribution function at v < v0 associated with the ring
feature, rather than by the gradient in v⊥ at α < αL associated with the loss-cone
feature, cf. Figure 12. However, whether this form of ECME also applies to other
accepted and suggested applications of ECME is unclear.
3.7.1 Is DAM horseshoe driven?
It is plausible that the acceleration of the electrons that generate DAM is due
to an E‖ associated with kinetic Alfve´n waves (Goertz, 1983), analogous to the
acceleration of inverted-V electrons. This would appear to favor horseshoe-driven
ECME. However, there are two observational features that suggest that DAM is
due to loss-cone-driven ECME rather than ring-driven ECME.
The bizarre radiation pattern in Io-related DAM (Dulk, 1967), cf. Figures 7
and 8, seems to be consistent with loss-cone-driven ECME (Hewitt et al, 1981).
It is not consistent with ring-driven ECME, which leads to emission at θ ≈ π/2.
Observation by Dulk et al (1992) showed the polarization to be intrinsically ellip-
tical, with an axial ratio consistent with cyclotron emission in vacuo at the angle
implied by the radiation pattern. This suggests that the emission occurs in a re-
gion where the plasma density is intrinsically very low, unlike the density cavity in
the AKR source region.Assuming loss-cone driven ECME does operate in DAM,
as these observations suggest, raises the questions as to whether the distribution
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has a horseshoe form and, if so, why the loss-cone feature appears to dominate in
DAM, whereas the ring feature dominates in AKR.
3.7.2 Application for solar and stellar emissions
As already remarked, ECME has been proposed as the emission mechanism of
solar spike bursts, e.g., the review by Fleishman and Mel’nikov (1998). Assuming
the ECME interpretation is correct, the question arises as to which form of ECME
operates. Are solar spike bursts (and coherent emission from flare stars) due to
horseshoe-driven ECME? This question was discussed by Melrose and Wheatland
(2016), who concluded that there is no compelling argument against horseshoe-
driven ECME in a solar or stellar flare. Acceleration by E‖, that occurs in inverted-
V events associated with AKR, is plausible as the acceleration mechanism for the
precipitating electrons that produce solar hard X-ray bursts and spike bursts.
Moreover, this acceleration can also plausibly result in a density cavity similar
to that in the AKR source region. However, these suggestions are relatively new,
and need further critical discussion. Similarly, in other suggested astrophysical
applications of ECME (Begelman et al, 2005; Bingham et al, 2013) it is important
to distinguish between ring-driven and horseshoe-driven versions, with only the
former requiring an extreme density cavity and the latter requiring only the weaker
condition ωp ≪ Ωe.
4 Pulsar Radio Emission
Pulsar radio emission is a third form of coherent emission, but unlike plasma
emission and ECME there is no consensus on what the radio emission mecha-
nism is. One can identify several reasons why the emission mechanism remains
poorly understood. However, before discussing such reasons, it is necessary to un-
derstand the general theoretical framework, including pulsar electrodynamics, the
properties of the “pulsar plasma” that populates the relevant regions of a pulsar
magnetosphere, and the properties of the wave modes of a pulsar plasma. It is of
particular interest from the plasma-physics viewpoint to understand how familiar
plasma physics concepts and methods need to be modified and adapted to the
extreme environment of a pulsar magnetosphere.
4.1 Background on pulsars
Pulsars were discovered in 1967, and there are now over 2000 known radio pul-
sars. Pulsars are strongly magnetized, rapidly rotating neutron stars created as the
compact remnants of supernova explosions (Manchester and Taylor, 1977; Michel,
1991; Gurevich et al, 1993; Mestel, 1999; Lorimer and Kramer, 2004; Lyne and Graham-Smith,
2006). However, important details needed to interpret the radio data are poorly de-
termined. These include the obliquity angle, α, between the rotation and magnetic
axes, the angle, ζ, between the line of sight and the rotation axis, and the location
of the source region of the radio emission. Another important detail that is clear
for plasma emission and ECME but not for pulsar emission is the relation between
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the source location and the frequency of the emission: is there a tight “radius-to-
frequency mapping” or is the emission from one location relatively broad band?
There is a dilemma: one needs to understand the radio emission mechanism in or-
der to use the radio data to determine these and other parameters, but one needs
to have a reliable model that includes these parameters in order to identify the
radio emission mechanism.
4.1.1 Classification of pulsars
Two basic parameters are measured for each pulsar: the pulse period, P , and
its rate of change, P˙ , which determine the rotation frequency, ω∗ = 2π/P and
the slowing down rate, ν˙ = −P˙ /P 2, of the star. In the vacuum-dipole model,
as discussed below, the spin-down power (the rate of loss of rotation energy) is
equated to the power in magnetic dipole emission, and this provides the basis for
the interpretation of the distribution of pulsars in the P–P˙ plane, cf. Figure 14,
in terms of the surface magnetic field, B∗ ∝ (PP˙ )1/2, and the age of the pulsar,
P/2P˙ . Pulsars separate into three classes. Normal pulsars spin rapidly when they
are young (. 104 years), slowing down as they age, until they disappear from view
(into the “graveyard”) after about 107 years. Recycled (or millisecond) pulsars
are old pulsars with weak magnetic fields that have been spun up in a binary
system. Magnetars are pulsars with exceptionally strong magnetic fields, rotating
relatively slowly.
Although there are differences in the properties of the radio emission from the
different classes of pulsars, the similarities are more remarkable than the differ-
ences. For example, despite the very wide ranges of the parameters P and P˙ , most
radio pulsars are observed over a relatively narrow frequency range, between about
100MHz and 10GHz. Whatever parameter determines the natural frequency of
pulsar radio emission, it cannot be a strong function of either P or P˙ .
A subset of pulsars are observed to have pulsed high-energy (X-ray and gamma-
ray) emission, which is due to incoherent emission by highly relativistic electrons.
There is an observed square-root relation between the power in high-energy emis-
sion and the spin-down power (there is no analogous relation for the radio emis-
sion). The best available estimates of α and ζ are obtained by combining models
for both the high-energy emission and for the radio emission (Pierbattista et al,
2015), but the resulting values remain subject to considerable uncertainties.
4.1.2 General description of pulsar emission
Some general features relevant to the interpretation of pulsar radio emission in-
clude the following.
– Beaming: The pulsing is interpreted in terms of a “lighthouse” model: relativis-
tic beaming restricts the emission to nearly tangent to magnetic field lines such
that a pulse (in radio or high-energy emission) is observed each time the beam
sweeps across the line of sight to the observer (Radhakrishnan and Cooke,
1969). The “pulse window” is the range of (rotational) phase during which an
observer can see emission.
– Integrated pulse profile: Most pulsars are not bright enough for individual
pulses to be studied in detail, and the pulse profile is built up by folding many
pulses together. The resulting (integrated) pulse profile is generally very stable.
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!
Fig. 14 On a P–P˙ plot, young pulsars (including Crab and Vela) are on the upper left, old
pulsars are in the middle moving towards the “graveyard” as they age, recycled (millisecond)
pulsars are on the lower left, with a circle indicating a companion star, and magnetars are
on the upper right; lines corresponding to the indicated values of the surface magnetic field,
B∗ sinα = 3.2× 1019(P P˙ )1/2G, and the characteristic ages, P/2P˙ [from Lorimer and Kramer
(2004)]
– Polar Cap: The magnetic field is assumed to be approximately dipolar, with
the (“open”) field lines that extend beyond the light cylinder, at rL = c/ω∗,
defining polar caps around the two poles. The radio emission is assumed to
come from within the polar cap, maybe near its boundary defined by the last
closed field lines. Some young pulsars have an inter-pulse, usually interpreted
as emission from the conjugate polar-cap region.
– Linear polarization: In the early literature it was assumed that the position
angle (PA) of the linear polarization is determined by the direction of the mag-
netic field in the source region, called the rotating vector model, predicting a
characteristic S-shaped sweep of the PA through the pulse (Radhakrishnan and Cooke,
1969; Komesaroff, 1970). While the PAs of some pulsars obey this rule, for many
pulsars the polarization is more complicated than this simple model suggests.
– Radius-to-frequency mapping: A relation between the emission frequency and
the height (denoted by the radial distance) is widely assumed, in the sense
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that lower frequencies are emitted at greater heights. However, the range of
frequencies emitted at a given height is not known.
– Pulse to pulse variations: For sufficiently bright pulsars, the radio emission
in individual pulses can be resolved. There are large pulse-to-pulse variations,
with the integrated pulse profile being an envelope within which these varia-
tions occur.
– Subpulses and micropulses: Those pulsars for which individual pulsars can be
observed show a rich variety of features, including subpulses and micropulses
in the emission.
– Drifting subpulses: In some pulsars, the subpulses drift through the pulse win-
dow in a systematic way, and much emphasis has been placed on the inter-
pretation of such drifting subpulses, notably in terms of a carousel model
(Ruderman and Sutherland, 1975; Deshpande and Rankin, 1999).
– Mode changing: In young pulsars the pulse profile tends to be simple, with a
single broad peak, while in older pulsars multiple peaks are common. Some
pulsars have two or more quasi-stable pulse profiles, between which they jump
abruptly, referred to a “mode changing”.
– Nulling: Some pulsars can turn off and on abruptly, with the off-state referred
to as a “null”. The rate of change, ν˙, of the slowing down changes abruptly
when a pulsar turns off or on (Kramer et al, 2006), implying a link between
slowing down and radio emission.
– Circular polarization: Observations of individual pulses show that they can be
highly elliptically polarized, with large pulse-to-pulse variations (McKinnon and Stinebring,
2000; Johnston, 2004; Edwards and Stappers, 2004), requiring a statistical in-
terpretation (Melrose et al, 2006). The circular polarization averages to a small
value in the integrated pulse profile.
– Orthogonally polarized modes: Even in cases where there is a steady average
swing in the PA, it can jump by 90◦ at specific phases, referred to as jumps be-
tween orthogonal polarizations (Stinebring et al, 1984; McKinnon and Stinebring,
2000; McKinnon, 2002). The sign of the circular polarization also reverses,
indicating that the jumps are between elliptically polarized natural modes
of a birefringent medium (Petrova and Lyubarskii, 2000; Wang et al, 2010;
Beskin and Philippov, 2012).
– Timing noise: Pulsars are extremely accurate clocks, and when all known effects
(e.g., the motion of the Earth around the Sun) are taken into account, “timing
noise” is a residual unexplained randomness in pulse arrival times. A now-
favored explanation is in terms of changes in ν˙ associated with nulling or mode
changing (Lyne et al, 2010).
4.2 Pulsar electrodynamics
Pulsar electrodynamics involves models for the electromagnetic field and the dis-
tributions of charges around a rapidly rotating, strongly magnetized neutron star
(Melrose and Yuen, 2016). Two early models are referred to here as the the vac-
uum dipole mode (VDM) and the rotating magnetosphere model (RMM). Both
models existed before the discovery of pulsars, and were modified in the appli-
cation to pulsars: the VDM was developed for rotating magnetized stars (Davis,
1947; Deutsch, 1955) and applied to pulsars by Pacini (1968), and the RMM was
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developed for rotating planetary magnetospheres (Hones and Bergeson, 1965) and
applied to pulsars by Goldreich and Julian (1969).
In the VDM the plasma in the magnetosphere is neglected. The VDM is used
to relate the surface magnetic field on the star, and other properties, to the pulsar
period, P , and the period derivative, P˙ . In a RMM the basic assumption is that the
magnetospheric plasma is corotating with the star. In most detailed versions of the
RMM, additional simplifying assumptions are made to reduce the electrodynamics
to electrostatics, with the simplest such assumption being that the magnetic and
rotation axes are aligned (Goldreich and Julian, 1969). A later class of models
is based on force-free electrodynamics (FFE), which is an MHD-like theory in
which the plasma inertia and non-electromagnetic forces are neglected, and the
displacement current is retained: the electromagnetic force ρE + J × B on the
plasma is assumed to be negligibly small. A stationary, axisymmetric version of
the FFE implies the so-called pulsar equation, whose solution provides a global
model that extends from the stellar surface, through the light cylinder, where the
corotation speed would be equal to c, into the pulsar wind zone (Michel, 1991).
4.2.1 Vacuum dipole model
The magnetic field in a pulsar magnetosphere is usually approximated by that due
to a rotating dipole at the center of the star. In a vacuum dipole model (VDM)
the magnetospheric plasma is neglected, the magnetic field has its familiar dipolar
form, ∝ 1/r3, near the stellar surface, at r = R∗, and is modified by retardation
effects, specifically an inductive term ∝ 1/r2rL and a radiative term ∝ 1/rr2L, that
become substantial near and beyond the light cylinder, at r = rL = c/ω∗. The
electric field induced by a rotating magnetic dipole includes an inductive term
∝ 1/r2 and a radiative component ∝ 1/r. The radiative terms imply an Poynting
flux ∝ 1/r2 that corresponds to magnetic dipole radiation.
The power in magnetic dipole radiation in vacuo is
Prad =
µ0ω
2
∗|ω∗ ×m|2
6πc3
=
µ0m
2ω4∗ sin
2 α
6πc3
, (35)
where m is the magnetic dipole moment and α is the angle between the magnetic
and rotational axes. The rotational energy, 12I∗ω
2
∗ , where I∗ is the moment of
inertia, decreases at the rate −I∗ω∗ω˙∗, with ω∗ = 2π/P Equating the equality
Prad to −I∗ω∗ω˙∗ gives
I∗(2π)
2P˙
P 3
=
(2π)5R6∗
3c3P 4
B2∗ sinα
2
µ0
, (36)
where m is expressed in terms of the magnetic field, B∗ = (µ0/4π)(2m/R
3
∗), at
the magnetic pole of the star. Assuming a characteristic values for the moment of
inertia of a neutron star I∗ = 10
38 kgm2, equation (36) implies
B∗ sinα = 3.2× 1015 (PP˙ )1/2T. (37)
The relation (37) with sinα = 1 defines the quantity identified as the surface
magnetic field of the neutron star. The characteristic age of a pulsar is identified
by assuming that all quantities in (36) except P and P˙ are constant, integrating
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1
2dP
2/dt = PP˙ = const., and assuming that the value of P at t = 0 is negligible
compared with the value at t. This gives a characteristic age1 P/2P˙ . Lines corre-
sponding to given values of B∗ (in gauss, 1G = 10
−4T) and this age are drawn
on Figure 14.
The dipolar magnetic field is also modified by currents flowing in the magne-
tospheric plasma at r & rL, where outflowing plasma forms a pulsar wind. It is
widely assumed that equation (37) with sinα = 1 provides a plausible estimate
of B∗ even when the loss of angular momentum is due to the wind, rather than
magnetic dipole radiation.
There are two sources of electric field in the VDM: the inductive (plus radia-
tive) electric field due to the rotating magnetic dipole, and an electric field due
to a surface charge on the star when the point dipole is replaced by a conducting
sphere in vacuo. Inside the star, infinite conductivity implies a corotational electric
field, Ecor = −(ω∗ × x)×B. The boundary conditions at the stellar surface then
imply a quadrupolar electric field at r > R∗ due to the surface charge distribution
(Davis, 1947; Deutsch, 1955). In general, both the inductive and quadrupolar elec-
tric fields in vacuo have components, E‖, parallel to the magnetic field that can
accelerate electrons to highly relativistic energies. Such acceleration of charges
from the stellar surface should trigger a pair cascade, populating the magneto-
sphere with plasma and invalidating the assumption of vacuum conditions.
4.2.2 Rotating magnetosphere model
In the RMM the magnetosphere (like the stellar interior) is assumed to be perfectly
conducting. There is then no surface charge on the star, the quadrupolar electric
field due to the surface charge is absent, and the corotation electric field, Ecor, is
present throughout the corotating region of the magnetosphere. The divergence of
Ecor implies the Goldreich-Julian charge density
ρGJ(t,x) = −2ε0ω ·B(t,x) + ε0(ω× x) · ∇ ×B(t,x). (38)
In early models it was assumed that ρGJ is provided by charges of a single sign
drawn from the stellar surface. With the surface the only source of charge, it is
not possible to satisfy (38) at greater heights. An additional source of charge is
needed, and this is provided by a pair cascade, which are assumed to occur in
regions, called gaps, where E‖ 6= 0 accelerates charges to sufficiently high energies
for them to emit gamma rays that decay into electron-positron pairs.
Force-free electrodynamics (FFE) is a modified form of magnetohydrodynamics
(MHD) in which relativistic effects and the displacement current are included, and
the inertia of the plasma is neglected, corresponding to vA →∞. As in MHD, the
assumption E‖ = 0 is made in FFE. FFE is used widely to model the global
electrodynamics, particularly for the region r & rL covering the transition from
the inner magnetosphere to the pulsar wind (Contopoulos et al, 1999; Gruzinov,
2005; Komissarov, 2006; Li et al, 2012b).
1 The assumption that sinα is constant, made in the derivation of this age, is inconsistent
with the VDM; the emission of magnetic dipole radiation exerts a torque that slows down the
star and a torque that tends to cause alignment, implying that sinα decreases on the slowing
down timescale (Davis and Goldstein, 1970).
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4.3 Properties of pulsar plasma
The magnetosphere of a pulsar is populated by plasma that is either drawn from
the surface of the star (“primary” particles) or produced in a pair cascade (“sec-
ondary” particles). A distinction is drawn between the polar-cap regions, from
which the plasma escapes along the open field lines, ultimately forming a pulsar
wind, and the closed-field region. It is widely accepted that the plasma in the polar
caps, which needs to be continuously replaced, is the source of the radio emission.
The properties of this “pulsar plasma” must be important in any radio emission
mechanism. However, these properties are poorly determined.
4.3.1 Pair creation in gaps
The polar-cap regions are assumed to be populated by the secondary pair plasma
(Sturrock, 1971) created in gaps. Suggested locations of gaps include an inner
gap (Ruderman and Sutherland, 1975) near the stellar surface, a slot gap (Arons,
1983) near the last closed field line and an outer gap (Cheng et al, 1986). The high-
energy photons are produced through curvature emission by primary particles, or
by resonant and non-resonant Compton scattering (Harding et al, 2002).
A pair is produced through one-photon decay, which is allowed in a magnetic
field provided that the photon energy perpendicular to the magnetic field satisfies
the threshold condition
εph sin θ > 2mc
2, εph cos θ = (p‖ + p
′
‖)c, (39)
where the latter condition expresses conservation of parallel momentum with
p‖, p
′
‖, the parallel momenta of the electron and positrons. The pairs are gen-
erated by outward-propagating high-energy photons, and hence are propagating
outwards. The photon decays spontaneously into an electron and a positron in
Landau levels n,n′ satisfying
εph = εn(p‖) + εn′(p
′
‖), εn(p‖) = (m
2c2 + p2‖ + 2neB~c)
1/2. (40)
Curvature photons initially emitted by a primary particle with Lorentz factor γ
are strongly beamed along the magnetic field lines, θ . 1/γ, and θ increases as
the angle between the ray path and the curved magnetic field line increases un-
til the threshold (39) for pair creation is exceeded. It is usually assumed that
the pairs are produced in very high harmonics, where a synchrotron-like formula
(Erber, 1966) applies. However, the absorption coefficient has square-root singu-
larities (Daugherty and Harding, 1996; Melrose, 2013) at the threshold for each
n, n′ n, n′ = 0, 1, . . . in equation (40), and for B & 0.1Bcr with Bcr = m
2c2/e~ =
4.4.×109T the photon is absorbed at the lowest harmonics, or evolves into a bound
state of positronium (Shabad and Usov, 1984; Usov and Melrose, 1996). Irrespec-
tive of the initial Landau levels in which the pairs are created, they quickly relax
to the lowest Landau state, n = 0, resulting in a one-dimensional (1D) distribution
with p⊥ = 0.
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4.3.2 Secondary pair plasma
The properties of this pair plasma include the number density, with associated
plasma frequency ωp, the mean Lorentz factor associated with the outward stream-
ing and the spread in Lorentz factors about this mean. The number density can be
expressed in terms of the Goldreich-Julian number density, nGJ = |ρGJ|/e, given
by equation (38). The associated plasma frequency,
ωGJ = (ω∗Ωe)
1/2, (41)
where factors of order unity are ignored, may be interpreted as the plasma fre-
quency associated with the primary particles. The value of ωGJ at the stellar sur-
face is proportional to (P˙ /P )1/4, which is relatively insensitive to the properties
of the pulsar, and it decreases with radial distance ωGJ ∝ (R∗/r)3/2.
The number density of secondary pairs in the pulsar magnetosphere may
be written as κnGJ, where κ is the multiplicity. The characteristic plasma fre-
quency in the magnetosphere is then ωp = κ
1/2ωGJ. Recent estimates suggest a
multiplicity of order 105 (Timokhin and Harding, 2015). Numerical models sug-
gest Lorentz factors in the range tens to hundreds (Zhang and Harding, 2000;
Hibschman and Arons, 2001; Arendt and Eilek, 2002). However, considerable un-
certainty remains concerning the generation and resulting properties of the sec-
ondary pair plasma. In particular, models based on primary particles from the
stellar surface are now regarded as questionable because they result in a charge-
separated, dome-disk model (Krause-Polstorff and Michel, 1985; Spitkovsky, 2004),
referred to as an electrosphere, rather than the widely-accepted polar-cap model.
There are also arguments for an ion-electron plasma (Jones, 2014), rather than
a pair plasma. An alternative model in which charges from the surface play no
role, with pair creation being the only source of plasma in the magnetosphere
(Timokhin, 2010), seems plausible. In the following discussion of wave dispersion
in a pulsar plasma it is assumed that no ions are present, and that the only par-
ticles are electrons and positrons. The most important effect of ions on the model
is the contribution of their inertia to the Alfve´n speed, which may be included by
redefining β2A appropriately.
4.3.3 Plasma inhomogeneities
One expects plasma generated in a pair cascade to be highly structured in both
space and time. Quasi-stationary gaps are unstable, and E‖ 6= 0 is more plausi-
bly described in terms of large-amplitude electrostatic oscillations (Levinson et al,
2005; Beloborodov and Thompson, 2007) propagating outwards (Luo and Melrose,
2008). Pair creation is then time-dependent, depending on the phase of the oscilla-
tion, and the distribution of outwardly streaming plasma is expected to be highly
structured along the field lines. Any structure in the pair-creation across field lines
is preserved as the plasma propagates outward, suggesting that strong gradients
of the plasma properties across field lines is also to be expected.
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4.4 Wave dispersion in a pulsar plasma
The properties of a pulsar plasma differ from most other plasmas in a number
of ways, each of which can affect the properties of the plasma. These properties
include: the super-strong magnetic field, the resulting 1D (p⊥ = 0) distribution,
the presence of both electrons and positrons (with no ions), the net charge density,
relativistic streaming of the bulk plasma, relative streaming of different plasma
components (electrons, positrons and primary particles) and relativistic spread in
parallel momentum.
4.4.1 Cold-plasma models
Some early models (Hardee and Rose, 1976, 1978; Melrose and Stoneham, 1977;
Allen and Melrose, 1982) for the wave dispersion were based on a cold electron
gas, also called magnetoionic theory, with three notable changes. First, it is as-
sumed that there are no ions, and the two magnetoionic parameters, X and Y ,
are complemented by an additional cold-plasma parameter, ǫ say, with ǫ = −1
in the absence of positrons and ǫ = 0 in a charge-neutral pair plasma. Second,
the approximations ω, ωp ≪ Ωe are made, with the ratio Ωe/ωp interpreted as
βA = vA/c, which interpretation needs to be modified to take account of rela-
tivistic effects. Third, the relativistic streaming is taken into account either by
Lorentz transforming the response tensor to the pulsar frame and solving for the
wave properties in this frame (Hardee and Rose, 1976, 1978), or by solving for
the wave properties in the rest frame and Lorentz transforming these properties
to the pulsar frame in which streaming is present (Melrose and Stoneham, 1977;
Allen and Melrose, 1982). The latter approach is assumed in more detailed treat-
ments that take into account the relativistic spread in energies in the rest frame,
and is adopted here to treat the cold-plasma case.
The cold plasma dielectric tensor is then given by equation (23) with S and P
unaffected, and with D replaced by −ǫXY/(1− Y 2). For radio waves in a pulsar
magnetosphere, one has ω ≪ Ωe, allowing one to approximate by expanding in
powers of 1/Y . The parameter S may be approximated according to
S ≈ 1 + X
Y 2
= 1 +
1
β2A
=
1
β20
, βA =
Ωe
ωp
, β0 =
βA
(1 + β2A)
1/2
, (42)
where vA = βAc is the Alfve´n speed, with βA ≫ 1 in a pulsar plasma. The MHD
speed becomes β0c . c. The two modes in this limit are conventionally referred to
as the O and X modes (Arons and Barnard, 1986) in the pulsar literature.
If the multiplicity is large, κ≫ 1, then ǫ = 1/κ is small, and may be neglected
to a first approximation. The cold-plasma dispersion equation withD = 0 becomes
(S − n2)(PS − P cos2 θ + S sin2 θ) = 0. (43)
The solution n2 = S corresponds to the X mode. For sin θ = 0 the second factor
in equation (43) reduces to P (S−n2) = 0. The solution P = 0 implies ω = ωp and
longitudinal polarization, and the other solution is for the O mode. The dispersion
curves ω = ωp and n
2 = S cross, and for sin θ 6= 0 these reconnect and separate,
forming two distinct branches, with the lower-frequency branch identified as the
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Alfve´n mode and the higher-frequency branch called the LO mode. The resulting
dispersion relations are approximated using equation (42), giving
n2O =
1
β20
ω2 − ω2p
ω2 − ω2p cos2 θ
, n2X =
1
β20
, (44)
At low frequencies, ω2 ≪ ω2p cos2 θ, the O mode dispersion relation reduces to
n2O = 1/β
2
0 cos
2 θ, which corresponds to the Alfve´n mode, which has a resonance
at ω2 = ω2p cos
2 θ. There is a stop band at ω2p cos
2 θ < ω2 < ω2p. The branch of the
LO mode at ω2 > ω2p is strongly modified by dispersive effects due to the spread
in velocities, which is not included in equations (43) and (44). The X mode may
be interpreted as the magneto-acoustic mode in this approximation.
The foregoing cold plasma model can be misleading due to the important role
played by the relativistic spread in energies in a pulsar plasma. The form of S is
changed in only a minor way by the inclusions of the relativistic spread, the the
cold plasma form P = 1−ω2p/ω2 is strongly modified when the relativistic spread
in energies is taken into account, with P replaced by K33 given by equation (54)
below.
4.4.2 Relativistic plasma dispersion function
A more detailed treatment of wave dispersion in a pulsar plasma needs to be based
on kinetic theory, as first recognized in the early 1970s, cf. Tsytovich and Kaplan
(1972) and §17 of Kaplan and Tsytovich (1973), and developed in more detail in
the 1980s (Gedalin and Machabeli, 1983; Volokitin et al, 1985; Lominadze et al,
1986; Arons and Barnard, 1986; Beskin et al, 1988). In order to take account of the
relativistic spread in energies one needs to introduce relativistic plasma dispersion
functions (RPDFs), which depend on the assumed form of the distribution of
electrons and positrons.
A general form of the dielectric tensor in a magnetized plasma involves an
expansion in Bessel functions.2 For a 1D distribution, the argument of the Bessel
functions is zero, and only s = 0, s = ±1 contribute in the sum over harmonic
numbers. It is convenient to write the gyroresonance condition ω−k‖v−sΩe/γ = 0
with s = 0,±1 as β = z, β = z±, with z = ω/k‖c, y = Ωe/k‖c, and
z± =
z ± y(1 + y2 − z2)1/2
1 + y2
. (45)
For radio waves in a pulsar plasma, the strong-field limit, y/z →∞, corresponds
to z± → ±1.
Three plasma dispersion functions are required in general (Melrose et al, 1999;
Melrose and Gedalin, 1999; Kennett et al, 2000). For a 1D distribution function
f(u) with p = mcu, u = γβ, β = v/c, γ = (1− β2)−1/2, it is convenient to define
the average value of any function M(β) as
〈M〉 =
∫ ∞
−∞
du f(u)M(β),
∫ ∞
−∞
du f(u) = 1, (46)
2 The anti-hermitian part of this tensor is used in the derivation of the gyromagnetic ab-
sorption coefficient (29) with (30).
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where f(u) is the distribution function, which may be for electrons alone, positrons
alone or for the sum of the electrons and positrons. Three RPDFs are defined by
the averages
W (z) =
〈
1
γ3(β − z)2
〉
, R(z) =
〈
1
γ(β − z)
〉
, S(z) =
〈
1
γ2(β − z)
〉
. (47)
In terms of these three RPDFs, the components of the dielectric tensor for
either an electron or a positron gas (ǫ = ∓1) are (Kennett et al, 2000)
K11 = K22 = 1− ω
2
p
ω2
1
1 + y2
[〈
1
γ
〉
+
(z − z+)2R(z+)− (z − z−)2R(z−)
z+ − z−
]
,
K33 = 1− ω
2
p
ω2
{
z2W (z) +
tan2 θ
1 + y2
[〈
1
γ
〉
+
z2+R(z+)− z2−R(z−)
z+ − z−
]}
,
K13 = K31 = −ω
2
p
ω2
tan θ
1 + y2
[
(z − z+)z+R(z+)− (z − z−)z−R(z−)
z+ − z−
]
,
K12 = −K21 = −iǫω
2
p
ω2
y
1 + y2
[
(z − z+)S(z+)− (z − z−)S(z−)
z+ − z−
]
,
K23 = K32 = iǫ
ω2p
ω2
y tan θ
1 + y2
[
z+S(z+)− z−S(z−)
z+ − z−
]
. (48)
If the electrons and positrons have identical distributions with different number
densities, then equation (48) applies, with ω2p proportion to the sum of the number
densities, and ǫ equal to the difference divided by the sum.
4.4.3 1D relativistic distribution functions
The RPDFs (47) depend on the form of 1D relativistic distribution function,
and several different forms have been considered. For the RPDF W (z), which
is the only relevant one at low frequencies, Kaplan and Tsytovich (1973) assumed
a power-law distribution, and made approximations in treating the dispersion,
rather than introducing a RPDF explicitly; Lominadze and Mikhailovskii (1979)
discussed this and other analyses critically and also suggested a gaussian distri-
bution in u. The RPDFs can be evaluated in terms of elementary functions for
the water-bag (Arons and Barnard, 1986), hard-bell and soft-bell (Gedalin et al,
1998) distributions, which correspond to f0(u), f1(u) and f2(u), respectively, with
u = γβ, um = γmβm in
fn(u) =
(u2m − u2)n
An
H(u2m − u2), Am =
∫ u
m
−u
m
du (u2m − u2)n, (49)
where H denotes the step function. The RPDFs can also be evaluated for the 1D
relativistic thermal (Ju¨ttner) distribution (Melrose and Gedalin, 1999; Asseo and Riazuelo,
2000; Melrose, 2013), specifically for
f(u) =
e−ζγ
2K1(ζ)
, (50)
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Fig. 15 The RPDF z2W (z) is plotted as a function of z for 1D Ju¨ttner distributions: upper
figure: leftmost ζ = 50, center ζ = 10 and rightmost ζ = 1; lower figures: left ζ = 0.1, right
ζ = 0.01. The dashed curves correspond to the imaginary parts, which are identically zero for
z ≥ 1.
with ζ = mc2/T an inverse temperture and Kn is the Macdonald function of order
n. In this case, the RPDFs are transcendental functions that may be expressed
in terms of a RPDF defined by Godfrey et al (1975). The resulting expression for
W (z) is
W (z) =
T ′(z, ζ)
2K1(ζ)
, T (z, ζ) =
∫ 1
−1
dβ
e−ζγ
β − z , (51)
where the prime denotes the derivative with respect to z.
The function z2W (z) is plotted in Figure 15 for five values of the inverse
temperature, ζ = 50, 10, 1, 0.1,0.01, with ζ = 1 corresponding to a temperature
≈ 5 × 109K. The RPDF becomes increasingly sharply peaked as ζ decreases.
The general form being relatively insensitive to the choice of distribution function
(Melrose et al, 1999). The specific values of z2W (z) for z → ∞ and z = 1 are
determined by moments of the distribution function:
lim
z→∞
z2W (z) =
〈
1
γ3
〉
, lim
z→1
z2W (z) = 2〈γ〉 −
〈
1
γ
〉
. (52)
For an ultrarelativistic distribution, 〈γ〉 ≫ 1, z2W (z) is sharply peaked just below
z = 1, as illustrated in Figure 15. The maximum value of z2W (z) at this peak is
somewhat greater than the value ≈ 2〈γ〉 at z = 1, and occurs at 1 − z less than
1/〈γ〉2. The form of the RPDF is similar for the different choices of distribution
function with the same value of 〈γ〉 ≫ 1 (Melrose et al, 1999).
In the radio range, one has ω ≪ Ωe and then the approximations z± → ±1
lead to
R(±1) = ∓〈γ〉 − 〈γβ〉, S(±1) = ∓1− 〈β〉. (53)
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The components (48) then simplify to
K11 = K22 = 1 +
ω2p
ω2
k2zc
2
Ω2e
(
z2 〈γ〉 − 2z 〈γβ〉+
〈
γβ2
〉 )
,
K33 = 1− ω
2
p
ω2
[
z2W (z)− k
2
⊥
Ω2e
〈
γβ2
〉]
, K13 = −ω
2
p
ω2
k⊥kzc
2
Ω2e
(
z 〈γβ〉−
〈
γβ2
〉 )
,
K12 = −iǫ ω
2
p
ω2
kzc
Ωe
(
z − 〈β〉 ), K23 = iǫ ω2p
ω2
k⊥c
Ωe
〈β〉 , (54)
with K31 = K13, K21 = −K12, K32 = −K23. If the electrons or positrons have
identical distributions, then in the rest frame of the plasma one has 〈β〉 = 0
(and 〈γβ〉 = 0) implying K23 = 0. However, there is a net current in a pulsar
plasma, requiring a net streaming of electrons relative to positrons, and K23 can
be neglected only for |J‖| ≪ enc.
4.5 Dispersion relations in the rest frame of pulsar plasma
An idealized model for the pulsar plasma, assumed to be created in pair cas-
cades, has a relativistic outward streaming motion, a relativistic spread in veloc-
ities about the bulk streaming velocity, and electron and positron distributions
that are the same to first order in an expansion in 1/κ, where κ is the multiplicity.
It is convenient to discuss the wave dispersion in the rest frame of the plasma.
Another relevant approximation is that the plasma inertia is small, corresponding
to βA ≫ 1. Wave dispersion in such an idealized pulsar plasma may be treated as
follows.
To lowest order in an expansion in 1/κ, one has K12 = 0 and K23 = 0. The re-
maining components ofKij lead to the following components of Λij (Melrose and Gedalin,
1999; Melrose et al, 1999):
Λ11 =
1
β20
− 1− b
β2Az
2
, Λ22 =
1
β20
− 1− b
β2Az
2
+
sin2 θ
z2
,
Λ33 = 1− ω
2
p
ω2
z2W (z)− 1− b
β2Az
2
tan2 θ, Λ13 =
1− b
β2Az
2
tan θ, (55)
with β20 = β
2
A/(1 + β
2
A), β
2
A = Ω
2
e/ω
2
p〈γ〉 and b =
〈
γ−1
〉
/〈γ〉. The resulting
dispersion equation factorizes, as in the cold-plasma case, into Λ22 = 0 and
Λ11Λ33 − Λ213 = 0.
The dispersion equation Λ22 = 0 gives the dispersion relation for the X mode,
which reproduces the cold-plasma dispersion relation (44) for b ≪ 1. Except for
tan2 θ . 1/β2A the dispersion curve for the X mode is in the region z > 1.
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Fig. 16 Dispersion curves are shown for the parallel A mode and parallel L mode (solid lines,
θ = 0), and for the oblique Alfve´n mode and the LO mode (dashed lines, θ = 1). The value of
zA is close to unity and the dispersion relation z = zA is just to the right of z = 1 (the dotted
line). The calculation is for the distribution function (50) with ζ = 20.
4.5.1 Parallel A mode and L mode
For parallel propagation the dispersion equation for the LO mode factorizes into
Λ11 = 0, which corresponds to the parallel Alfve´n (A) mode, and Λ33 = 0, which
corresponds to the parallel longitudinal (L) mode. The parallel A mode has dis-
persion relation
z2 = z2A, z
2
A =
b
a
≈ 1 + 1
β2A
= β20 , (56)
The parallel L mode has dispersion relation
ω2 = ω2L(z) = ω
2
pz
2W (z). (57)
The L mode has a cutoff at ω = ωc given by
ω2c = ω
2
L(∞) = ω2p
〈
γ−3
〉
. (58)
The frequency ωc is sometimes referred to as the relativistic plasma frequency.
The dispersion curve crosses the line z = 1 at ω = ω1, given by
ω21 = ω
2
L(1) = ω
2
p
(
2〈γ〉 −
〈
1
γ
〉)
, (59)
where equation (52) is used. The ratio ω1/ωc is of order 〈γ〉 (〈γ−3〉 is of order
〈γ〉−1), which is assumed to be much greater than unity in a pulsar plasma.
In the highly relativistic case, the dispersion curves are strongly concentrated
near the line z = 1. Following Melrose et al (1999) it is convenient to discuss
this dispersion first for the nonrelativistic case, and then to indicate how the
curves become strongly distorted as the plasma becomes increasingly relativistic.
As illustrated in Figure 16, which is for a mildly relativistic thermal plasma (ζ =
20), the dispersion curve for the L mode is the solid tongue-like curve, which starts
at the cutoff at ωc slightly less than ωp and increases slowly with k‖ = ω/cz for
0 < 1/z < 1 until it crosses the line z = 1 at ω1 slightly greater than ωp. The
dispersion curves for the L mode crosses that of the A modes z = zA at a crossover
frequency ωco = ωL(zA). The parallel L mode reaches a maximum frequency near
where the phase speed is equal to the thermal speed of electrons, where it turns
over, and continues as a lower-frequency retunr branch in the region of strong
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Landau damping. As the temperature increases from nonrelativistic values ζ ≫ 1
to highly relativistic values ζ ≪ 1, the cutoff frequency ωc decreases to ≪ ωp and
the tongue-like curve narrows and becomes strongly aligned with the line z = 1;
it crosses z = 1 at ω1 ≫ ωp, crosses the line z = zA at ωco > ω1 and reaches
its maximum at a slightly higher frequency. The highly relativistic case cannot be
shown clearly on a diagram like figure 16 because nearly all the curves as very close
to the linez = 1; the curves can be distinguished in a alternative plot of log(ω/ωp)
as a function of z−2, cf. Fig. 3 of Melrose and Gedalin (1999).
4.6 Oblique Alfve´n and LO modes
The dispersion equation for the oblique Alfve´n and the LO modes may be written
in the form (Melrose et al, 1999)
ω2
ω2p
=
z2W (z)(z2 − z2A)
z2 − z2A − b tan2 θ
. (60)
The dispersion curves for the parallel A and L modes intersect at ω = ωco and
for slightly oblique propagation they reconnect to form the oblique Alfve´n and
LO modes. For small tan θ, the dispersion equation for the oblique Alfve´n mode
is nearly the same as for the parallel A mode (z = zA) for ω < ωco and nearly the
same as for the branch of the parallel L mode for ω > ωco; the turnover defines
the maximum frequency for the oblique Alfve´n mode. The LO mode follows the
dispersion curve for the L mode for ωc < ω . ωco and continues as z ≈ zA for
ω & ωco. There is a small range of tan
2 θ . 1/β2A for which the (reconnected)
LO mode is in the range 1 > z > zA. For larger angles θ the dispersion curve is
entirely in the range z > 1, as illustrated by the dashed curve in Figure 16.
4.6.1 Lorentz transformation to the pulsar frame
In the pulsar frame, the plasma is assumed to be streaming outward along open
field lines, at speed βsc, say, with γs = (1 − β2s )−1/2. A Lorentz transformation
between the rest (unprimed) and pulsar (primed) frame gives
ω′ = γs(ω + k‖cβs), k
′
‖ = γs(k‖ + ωβs/c), k
′
⊥ = k⊥,
z′ =
z + βs
1 + zβs
, tan θ′ =
tan θ
γs(1 + zβs)
. (61)
For example, the parallel L mode in the superluminal range between ωc, z = ∞
and ω1, z = 1 transforms into a superluminal range between γsωc, z
′ = 1/βs and
γs(1 + βs)ω1, z
′ = 1.
Escaping radio emission must be in either the X or LO modes, both of which
have approximately vacuum-like dispersion. Such emission is relativistically boosted,
from ω in the rest frame to ω′ of order γsω in the pulsar frame. Relativistic aber-
ration implies that emission at nearly all angles θ in the rest frame is confined to
a narrow forward cone θ′ . 1/γs in the pulsar frame.
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Fig. 17 The degrees of circular (solid line) and linear (dashed line) polarization are plotted
for one mode as a function of R, with R = 0 corresponding to the cyclotron frequency [from
Melrose and Luo (2004)]
4.6.2 Elliptical polarization: cyclotron resonance
Elliptical polarization of the natural modes of a pulsar plasma is relevant to the
interpretation of observed elliptical polarization. The wave modes have a circularly
polarized component if the distributions of electrons and positrons are different,
with the simplest example being a net charge density, ǫ 6= 0. The transverse
parts of the polarization vectors for the two modes, labeled ±, are then oppositely
elliptically polarized with axial ratios T = T±, with T satisfying a quadratic
equation that implies T− = −1/T+. This equation may be written
T 2 −RT − 1 = 0, T± = 12R± 12 (R2 + 4)1/2, (62)
with the parameter R determined by the components of the dielectric tensor with
K12 and/or K23 nonzero. For example, in the cold-plasma model one has
R = − Y sin
2 θ
(1−X)ǫ cos θ (1− E), E =
X(1− ǫ2)
1− Y 2 . (63)
The ellipticity of the natural modes may be described in terms of the degrees of
circular and linear polarization. These are plotted as a function of R, given by
equation (62), in Figure 17.
Along its escape path pulsar radio emission encounters a cyclotron resonance
region (Melrose and Luo, 2004), where the wave modes become strongly elliptically
polarized, and cyclotron absorption is possible. The wave dispersion associated
with the cyclotron resonance is described by the RPDFs R(z), S(z) in the dielectric
tensor (48). The elliptical polarization observed in the radio emission from some
pulsars may be imposed on the escaping radiation as it propagates through the
cyclotron resonance region.
4.7 Relativistic beam instabilities
One of the suggested pulsar radio emission mechanisms is relativistic plasma emis-
sion, that is, a relativistic form of the mechanism that operates in solar radio
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bursts. There are several difficulties with this emission mechanism, one of which
is that most discussions of it are based on unrealistic assumptions about the wave
dispersion, as discussed in §4.8. This difficulty is ignored here in order to discuss
another problem: assuming that Langmuir-like waves exist, the growth rates for
beam instabilities appear to be too small to allow effective wave growth. Any
instability must operate in a relativistically outflowing plasma, and there are gra-
dients in the properties of the plasma along the magnetic field lines. Assuming the
growing waves are stationary in the outflowing plasma, the time available for wave
growth is limited by these gradients causing the waves to move out of resonance
with the beam that drives their growth. The waves must grow fast enough for the
instability to saturate before the plasma properties have changed significantly.
4.7.1 Maser version of beam instability
A maser treatment of a beam instability requires that the waves and particles
satisfy the Cerenkov resonance condition, which reduces to ω − k‖v‖ = ω(1 −
nβ cos θ) = 0 or z − β = 0 in the 1D case. This condition can be satisfied only for
waves with refractive index n > 1, or z = ω/k‖c < 1 in the 1D case. Negative ab-
sorption is possible when this resonance condition is satisfied provided that the dis-
tribution of particles has a positive slope, df(u)/du > 0, in the streaming direction.
This requires that the distribution function have a maximum, with df(u)/du = 0
at γ = γpeak say, and that the growing waves have z < βpeak ≈ 1− 1/2γ2peak. The
growth rates for maser instabilities is too slow to be effective.
Beam instabilities in a pulsar plasma are usually assumed to be reactive. This
seems plausible when addressing the problem of identifying the fastest growing in-
stability: reactive instabilities grow faster than analogous maser instabilities. How-
ever, reactive instabilities are usually treated assuming cold distributions, which
involves neglecting the spread in energies, whereas the spread in energies is thought
to be relativistic in a pulsar plasma. This inconsistency is ignored in the following
summary of some possible reactive, relativistic beam instabilities.
4.7.2 Relativistic reactive beam instability
When the spread in energies of the beam is neglected, the beam is cold, and the
only possible instability is reactive (Egorenkov et al, 1983; Gedalin et al, 2002).
For a cold beam with number density nb, velocity βb and Lorentz factor γb prop-
agating through a cold background plasma, the dispersion equation for parallel,
longitudinal waves is
1− ω
2
p
ω2
− nb
ne
ω2p
γ3b (ω − kzβb)2
= 0. (64)
This dispersion equation is a quartic equation for ω. We are interested in the case
where the beam is weak, in the sense nb/γ
3
b ≪ ne.
In the limit of arbitrarily large kzβb, the four solutions of (64) approach ω =
±ωp, kzβb ± ωp(nb/neγ3b )1/2. The solution near ω = −ωp is of no interest here,
and it is removed by approximating the quartic equation by the cubic equation
(ω − ωp)(ω − kzβb)2 − nb
2neγ3b
ωpω
2 = 0. (65)
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Fig. 18 Dispersion curves, ω vs. k for nearly parallel propagation (θ = 0.1 rad) in a cold
counter-streaming plasma with β = 0.3, where ωp = 10 and Ωe = 30 (arbitrary units); dashed
lines are imaginary parts and solid lines are real parts; numbers label points mentioned in the
text [from Verdon and Melrose (2008)]
The solutions of the cubic equation simplify in two cases: the “resonant” case
kzβb ≈ ωp, and the “nonresonant” case ω ≪ ωp. The approximate solutions for
the growth rate in these two cases are (Gedalin et al, 2002)
ω ≈

ωp + i
ωp
γb
√
3
2
(
nb
2ne
)1/3
, resonant,
kzβb + i
ωp
γ
3/2
b
(
nb
2ne
)1/2
, nonresonant.
(66)
The nonresonant version of the beam instability applies only at frequencies be-
low the resonant frequency, ω = kzβb. As the resonant frequency is approached
the nonresonant instability transforms into the faster-growing resonant instabil-
ity. Despite having a lower growth rate, the nonresonant instability can result in
greater growth due to a longer growth path. As the beam propagates along field
lines, ωp decreases, and a growing wave can continue to grow only until the value
of ωp moves it out of resonance; this depends on the bandwith of the growing
waves, which is of order the growth rate. This limitation does not apply to the
nonresonant form of the instability.
The problem of identifying a large enough growth rate is of long standing. A
favored model is based on the assumption that the pair creation is highly struc-
tured in space and time. This results in localized clumps of enhanced pair density
propagating outward. The counterstreaming is assumed to occur when the faster
particles in a following clump overtake the slower particles in the preceding clump
(Usov, 1987; Ursov and Usov, 1988; Lyubarskii, 1992; Asseo and Melikidze, 1998).
4.7.3 Multiple relativistically streaming cold distributions
There are several possible counter-streaming motions that can lead to a beam in-
stability: primary particles streaming relative to the background secondary plasma,
electrons and positrons counter-streaming associated with a steady-state current,
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and counter-streaming electrons and positrons associated with large-amplitude os-
cillations in E‖. In a cold-plasma multiple-streaming model, for parallel propaga-
tion there are two (real) beam modes (one backward one forward) associated with
each streaming distribution, leading to multiple intersections between the various
modes. For slightly oblique propagation two intersecting beam modes reconnect
becoming two complex conjugate modes, as illustrated in Figure 18. One class of
unstable mode is purely growing, with zero real frequency, as illustrated by the
dashed curve in Figure 18 and by cases 1 and 5 in Figure 18. In other cases two
real modes become a complex conjugate pair of modes, one of which is necessarily
a growing mode, as in case 4 in Figure 18. The results illustrated in Figure 18 are
only for cold distributions of electrons and positrons (Verdon and Melrose, 2008);
some of the features survive in the generalization to include a relativistic spread
in energies in the rest frame of each distribution (Verdon and Melrose, 2011).
It should be emphasized that the foregoing discussion of reactive instabilities is
based on the assumption that the spread in energies of all distributions of particles
can be neglected. This assumption is not justified in conventional models for the
particle distributions in a pulsar plasma.
4.8 Pulsar radio emission mechanisms
Four pulsar radio emission mechanisms, each of which has been in the literature
for several decades (Melrose, 1995), are referred to here as coherent curvature
emission (CE), relativistic plasma emission (RPE), linear acceleration emission
(LAE) and anomalous Doppler emission. (Free electron maser emission is a further
possibility, regarded as a variant of LAE in the following discussion.) Two of these,
CE and LAE, do not depend on wave dispersion in the plasma, in the sense that
these mechanisms exist in vacuo, and the other two, RPE and anomalous Doppler
emission, depend intrinsically on the dispersive properties of the plasma in the
source region.
4.8.1 Coherent curvature emission
The 1D motion of a charge along a curved field line involves an acceleration, and
the resulting emission by the accelerated charge is CE. The force that causes this
acceleration, such that all charges (with p⊥ = 0) move along the curved field line,
is the Lorentz force associated with the curvature drift velocity (Chugunov et al,
1975). The emission is due to the accelerated motion, and its properties do not
depend intrinsically on the properties of the wave modes in the plasma.
There is an analogy between CE and synchrotron emission. Both are due to
acceleration perpendicular to the direction of motion. Emission by a highly rela-
tivistic particle is confined to a narrow forward cone, and an observer sees radiation
only if this cone sweeps across the line of sight. Let the radius of curvature of the
field line at the point of emission be Rc. The particle radiates in the direction
of the observer for a fraction ≈ 1/γ of the period 2πRc/βc of its motion around
the circle. The pulse received by the observer is of duration δtrec ≈ πRc/cγ3,
which contains frequencies ω < ωmax ≈ cγ3/πRc. Coherent CE is attributed to
relatively low energy (relativistic) particles, such that ωmax is higher than the
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observed radio frequencies. Two difficulties with coherent CE as a pulsar radio
emission mechanism are its low frequency and the coherence mechanism.
In the polar-cap model, the emission is assumed to come from well inside the
light cylinder, where c/Rc is very small. For a curve r = g(χ) in polar coordinates
r, χ, one has Rc = (g
2 + g′2)3/2/|gg′′ − 2g′2 − g2|, where a prime denotes a deriva-
tive. For a dipolar field line, r = r0 sin
2 χ, with χ≪ 1 for r ≪ rL < r0, one finds
Rc ≈ 4(rr0)1/2/3 > 4(rrL)1/2/3. The characteristic frequency of curvature emis-
sion is then ωmax ≈ (3ω∗γ3/4π)(rL/r)1/2. Models for the pair cascade suggests γ
between about 10 and 100 (Hibschman and Arons, 2001; Arendt and Eilek, 2002).
For a slow pulsar with ω∗ ≈ 1 s−1, it is difficult to explain observed radio emission
at ω ≈ 1010 s−1. In the early literature it was assumed that non-dipolar compo-
nents lead to much smaller Rc than the dipolar model implies, and hence to a
higher ωmax.
In early literature the coherence mechanism for CE was assumed to be emis-
sion by bunches (Buschauer and Benford, 1976; Benford and Buschauer, 1977).
Although the assumption of emission by bunches has been strongly criticized
(Melrose, 1981; Lesch et al, 1998), it remains implicit in more recent models that
invoke coherent CE. In the earliest models the outflowing plasma was assumed
to be confined to charge sheets, and the coherence was attributed to these sheets
of charge (Lerche, 1970a,b,c; Sturrock, 1971; Ruderman and Sutherland, 1975).
However, the normal to such a sheet needs to be within an angle ≈ 1/γ of the di-
rection of the field line for the coherence to be effective, and this condition cannot
be maintained due to the curvature of the field lines (Melrose, 1981). More recent
models based on CE have invoked other types of bunches, e.g. solitons Gil et al
(2004). Another difficulty is that the particles in the bunch must be nearly mono-
energetic. A spread ∆βc = ∆γc/γ3 in speed causes the linear extent of the bunch
to increase at a rate ∆βc, and coherent emission ceases once this exceeds about a
wavelength. These is no convincing argument that the difficulties associated with
coherent CE by bunches can be overcome under the wide variety of conditions
required to explain the radio emission from all pulsars.
Coherence due to maser emission is an alternative, but negative absorption is
not possible for CE in the simplest approximation. The proof of this (Blandford,
1975; Melrose, 1978) is similar to the proof that synchrotron absorption cannot
be negative. Twiss (1958) argued that the absorption coefficient can be writ-
ten as the integral over the emissivity times a momentum-derivative of the dis-
tribution function, and that the absorption is negative only if the momentum-
derivative is positive, corresponding to df(u)/du > 0. The integral gives a net
negative absorption only if the momentum-derivative of the emissivity, obtained
by partially integrating, is negative. The latter condition is not satisfied for syn-
chrotron absorption (Wild et al, 1963), implying that synchrotron absorption is
positive even if there is a range of γ with df(u)/du > 0. The proof that ab-
sorption due to CE cannot be negative is based on the derivative of the emis-
sivity with respect to γ being positive (Blandford, 1975; Melrose, 1978). Similar
to synchrotron absorption, which can be negative under special circumstances
(McCray, 1966; Zheleznyakov, 1967), maser CE is possible under special circum-
stances (Zheleznyakov and Shaposhnikov, 1979; Chugunov and Shaposhnikov, 1988;
Luo and Melrose, 1992a,b, 1995). The necessary condition df(u)/du > 0 for neg-
ative absorption requires that the distribution function have a maximum, with
df(u)/du > 0 for γ below the value at which this maximum occurs. Such a maser
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would occur at too low a frequency, (Rc/c)γ
3 due to the small value of γ implied
by the requirement df(u)/du > 0. Although maser CE is possible in principle, the
various conditions required for it to be an effective radio emission mechanism for
all pulsars are not satisfied.
4.8.2 Linear-acceleration/free-electron maser emission
LAE (and free-electron maser emission) also does not depend intrinsically on the
dispersive properties of the plasma, and it may be treated assuming vacuum wave
properties.
In LAE (Cocke, 1973; Melrose, 1978; Kroll and McMullin, 1979) the acceler-
ated motion is due to a parallel electric field, such that the acceleration is parallel
to the velocity of the particle. In the simplest model E‖ is assumed to be oscil-
lating, at frequency ω0 say, and its effect on the motion of a particle is treated
as a perturbation. The emitted radiation then satisfies ω − k · v = ω0, giving
ω − k · v ≈ γ2ω0/2 for emission in vacuo by a highly relativistic particle. If the
oscillation is associated with a propagating wave, then ω0 is replaced by ω0−k0 ·v,
where k0 is the wave vector of the propagating wave. LAE usually refers to the
case where the phase speed is superluminal, ω0/k0 > c (Rowe, 1992a,b, 1995),
when the Cerenkov resonance condition cannot be satisfied. In free-electron maser
emission the motion of the relativistic particle is assumed to be perturbed by an
electric or magnetic field with a spatial structure (Fung and Kuijpers, 2004). The
emission is then analogous to LAE for a subluminal wave, with ω0 → k0c. Ab-
sorption associated with LAE (or free-electron maser emission) can be negative,
at frequencies ω ≪ ω0γ2, provided the particle distribution satisfies df(u)/du > 0.
The assumption that the acceleration by E‖ can be treated as a perturba-
tion is not satisfied for large-amplitude oscillations. Specifically, if E‖ is suffi-
ciently large to modify the motion of a particle substantially, the properties of
LAE are correspondingly modified (Melrose et al, 2009; Melrose and Luo, 2009;
Reville and Kirk, 2010). Maser emission due to such LAE is possible, but no de-
tailed model for it is available.
4.8.3 Relativistic plasma emission (RPE)
The concept of plasma emission is based on the generation of Langmuir-like waves
through a beam instability and production of escaping radiation from the result-
ing Langmuir-like turbulence. Any specific generalization of plasma emission to a
pulsar magnetosphere involves two stages: the generation of Langmuir-like waves
and partial conversion of the wave energy into escaping radiation. There are ma-
jor difficulties with both stages. Besides the difficulty with the growth rate of any
beam instability, as discussed above, a less recognized difficulty concerns the very
existence of “Langmuir-like waves” in pulsar plasma.
The maser form (and the resonant reactive form) of a beam instability requires
that the waves and particles satisfy the Cerenkov resonance condition, which re-
duces to ω−k‖v‖ = ω(1−nβ cos θ) = 0 or z−β = 0 in the 1D case. This condition
can be satisfied only for waves with refractive index n > 1, or z = ω/k‖c < 1 in
the 1D case. In a pulsar plasma with a relativistic spread in energies, the only
weakly-damped waves that have n > 1 in the radio range have n − 1 ≪ 1. This
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property severely restricts the conditions under which RPE can occur in a pulsar
plasma (Melrose and Gedalin, 1999).
For parallel propagation a beam instability is possible in principle only for the
L mode at ω > ω1, where the dispersion curve is in the range z < 1, cf. Figure 16.
For the oblique LO mode the dispersion curve is in the range z < 1 only for very
small tan θ. For tan θ = 0, the resonance condition β = z with zA < z < 1 requires
γ = βA at z = zA (ω = ωco) increasing to γ → ∞ for z → 1 (ω → ω1); the
constraint on the required γ increases further for tan θ 6= 0. RPE due to waves
generated in the LO mode though a beam instability would have the attractive
feature that such waves can escape directly (without any second stage in the
plasma emission), but the condition γ > βA for this to occur seems unrealistic.
Specifically, negative absorption requires that the distribution of particle has a
positive slope, df(u)/du > 0, in the streaming direction, and this requires that γ
be below the peak in the distribution function, which is inconsistent with γ ≫ βA
for the large values of βA expected in a pulsar magnetosphere.
A beam instability is not possible for the X mode, or for the parallel A mode,
because their polarization vector is orthogonal to the magnetic field, and hence to
the current associated with the beam. Also, except at very small tan θ, the oblique
X mode and the LO mode have z > 1 implying that β = z is impossible.
The parameter β2A = Ω
2
e/ω
2
p〈γ〉, which plays an important role in the foregoing
discussion of RPE, is very large near the star and decreases with increasing r.
Using equation (41) in the form ω2p = κ2πΩe/P , gives β
2
A = ΩeP/2πκ〈γ〉. A
dipolar magnetic field implies Ωe ∝ 1/r3 and with the surface magnetic field given
by equation (37), one has Ωe = 5.6×1026(PP˙ )1/2 s−1 at the surface. For a normal
pulsar with P˙ = 10−15 and P = 1, assuming κ = 105 and 〈γ〉 = 10 gives β2A of
order 3× 1012 at the stellar surface and of order 30 at the light cylinder, varying
∝ (rL/r)3 in between. The resonance condition cannot be satisfied for plausible
values, except perhaps near the light cylinder.
An implication of these estimates is that the first stage of RPE, that is, gen-
eration of Langmuir-like waves through a beam instability, cannot plausibly occur
in a pulsar magnetosphere. The second stage involves nonlinear processes in a pul-
sar plasma (Istomin, 1988), and this presents additional difficulties, referred to by
Usov (2000) as a “bottle-neck” in the emission process.
The assumption that RPE is due to beam-driven Langmuir-like waves ignores
the intrinsically relativistic spread in energies of the electrons and positrons in their
rest frame. As indicated in Section 4.7, in treating beam instabilities it has been
conventional to assume the spread in energies is negligible, corresponding to the
particle distributions being cold in their respective rest frames. A generalization
of this approach is to assume that the spread is nonrelativistic in the rest frame,
and to adapt models for streaming instabilities in a nonrelativistic plasma to the
pulsar case (Weatherall, 1994, 1997, 1998). Such a model is not consistent with
the relativistic spread in energies thought to apply in a pulsar plasma generated
through a pair cascade (Hibschman and Arons, 2001; Arendt and Eilek, 2002).
4.8.4 Anomalous Doppler emission
The anomalous Doppler resonance corresponds to s = −1 in equation (32). The
relevant anomalous Doppler instability (Machabeli and Usov, 1979; Kazbegi et al,
1991; Lyutikov et al, 1999a,b) corresponds to particles (electrons or positrons) in
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their lowest Landau orbital jumping to the first excited state, that is from n = 0
to n′ = 1 in equation (40). An attractive feature of this mechanism is that the
absorption is negative if the occupation number of the initial state, n = 0, is
greater than that of the final state, n′ = 1, and this is obviously the case for
the 1D pair distribution in a pulsar magnetosphere. It seems plausible that this
instability should occur in regions of the pulsar magnetosphere where the cyclotron
frequency is sufficiently small. However, this mechanism depends on the dispersive
properties of the plasma, and the difficulties discussed above for RPE also apply
to anomalous Doppler emission.
One may write the resonance condition for s = −1, v‖ = βc in the form
ω(1− nβ cos θ) +Ωe/γ = 0, (67)
where n is the refractive index. The resonance condition (67) can be satisfied only
for nβ cos θ > 1, which requires n > 1. As for the Cerenkov resonance, for X and
(nearly parallel) O mode waves with n − 1 ≈ 1/2β2A ≪ 1, the resonance requires
γ > βA. Then equation (67) implies ω ≈ 2β2AΩe/γ. This mechanism requires
emission by particles with very high γ in order for the frequency to be in the radio
range. To see this note that the order-of-magnitude estimates made above for
Ωe and β
2
A imply an emission frequency of order (10
26/κ〈γ〉)(P˙/P 4)(rL/r)6Hz.
Assuming P˙ /P 4 of order 10−15 and κ〈γ〉 of order 106, gives a frequency is of
order (105/P )(rL/r)
6/γHz in the rest frame. In the pulsar frame the frequency
is boosted by a factor of γs, thought to be of order 10
2–103. For emission at a
height r = 0.1rL, even for emission by primary particles (with γ of order 10
6–107)
it is questionable whether this mechanism can account for the lowest observed
emission frequencies. As with RPE, the effect of a relativistic spread 〈γ〉 on the
wave dispersion imposes a severe constraint on this emission mechanism.
4.8.5 Discussion of the radio emission mechanism
The foregoing discussion is inconclusive in that none of the possible emission mech-
anisms is obviously much more favorable than the others. It is reasonable to con-
clude that none of them seems plausible, allowing wide scope for differing opinions
on possible emission mechanisms.
There are several general questions that need to be answered in order to make
progress in identifying the emission mechanism:
– Are there multiple emission mechanisms? There is a long-standing difference of
opinion among observers as to whether there is only a single pulsar radio emis-
sion mechanism or whether two or more different emission mechanism operate
in the same pulsar or in different pulsars. An argument for two emission mech-
anisms is based on a distinction between core and coronal emission (Rankin,
1983a,b, 1986, 1990), and a counter-argument that no such distinction exists
(Lyne and Manchester, 1988). From a theoretical viewpoint, we are unable to
clearly identify one viable emission mechanism, and appealing to two or more
exacerbates the problem.
– Is there a characteristic emission frequency? There is no definitive constraint
on the emission frequency, analogous to ωp, 2ωp in plasma emission and Ωe in
ECME. Some of the suggested emissionmechanisms involve a natural frequency
but these frequencies depend on poorly determined parameters. Although a
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general radius-to-frequency mapping is implied by the broadening of the pulse
window with decreasing frequency, implying that lower frequencies originate
from larger radii, the range of frequencies that originates from a given height
is not well determined. A remarkable feature of pulsar radio emission is that it
occurs in roughly the same range for most pulsars. This suggests that if there is
a natural frequency, then it is of the same order of magnitude for all pulsars. A
frequency ∝ ωp ≈ (κ2πΩe/P )1/2 ∝ (P˙ /P 3)1/4 satisfies this requirement, but
encounters a difficulty in accounting for the observed frequencies (Kunzl et al,
1998).
– Where is the source of the emission located in the magnetosphere? Besides
the uncertainty in the height, or radius, of the emission at a given frequency,
the location of the source within the polar-cap region is poorly determined,
with a general preference for emission from near the last closed field line.
One approach to constraining the source region is to appeal to retardation and
aberration effects (Gupta and Gangadhara, 2003), but the results are not com-
pelling. The opinion that the emission comes from high in the magnetosphere
is supported by direct evidence from the double-pulsar system (Lyutikov, 2010;
Lomiashvili and Lyutikov, 2014).
– What drives the coherent emission? The source of free energy that drives the
coherent emission is well accepted for both plasma emission and ECME, but the
source of free energy that drives pulsar radio emission is not known. It seems
likely that the radio emission is related to the pair creation, as in the case of
EAS discussed in the next section, but no causal relation has been suggested.
One could speculate that the causal relation involves the accelerating electric
field, E‖, as in LAE, but there is no compelling evidence that this is the case.
5 Coherent Emission from Cosmic-Ray Showers
Although coherent radio emission in an extensive air shower (EAS) in the Earth’s
atmosphere does not fall into the category of a coherent emission in an astrophysi-
cal plasma, it is potentially relevant to pulsar emission in that both are associated
with a pair cascade.
5.1 Radio emission from an EAS
Incoherent optical Cerenkov emission has long been recognized as a diagnostic for
high energy cosmic rays, but its usefulness is limited because the Cerenkov light
can be detected only during moonless, cloudless nights. Coherent radio emission
has become an important diagnostic, and several different experiments have estab-
lished it usefulness (Huege, 2013), for example, the LOPES (Falcke et al, 2005),
CODALEMA (Ardouin et al, 2005), and MIDAS (Williams et al, 2010) experi-
ments.
Coherent emission in an EAS includes amplified Cerenkov emission, but it
was recognized in the early literature that it is not the dominant coherent radio
mechanism (Kahn and Lerche, 1966; Colgate, 1967), and all relevant mechanisms
are now incorporated in modelling EASs (James et al, 2011; Huege, 2013). Any
time-varying current gives rise to radio emission, and one can associate a specific
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emission mechanism with a specific current. Besides the current associated with
streaming particles, which produces Cerenkov emission, another relevant current
results from the changing charge density is the EAS, for example, due to preferen-
tial loss of positrons due to annihilation with ambient electrons. A further current
results from the deflection of electrons and positrons in opposite directions by the
Earth’s magnetic field; this current is in the direction perpendicular to both the
axis of the EAS and to the magnetic field. While Cerenkov emission alone is in-
adequate in describing the actual coherent emission in an EAS, it is convenient to
concentrate on Cerenkov emission to explain the different methods that have been
used. In particular, three different models for coherent emission can be illustrated
using Cerenkov emission as an example: negative absorption, coherent emission
from a bunch treated as a continuum, and coherent emission from a bunch treated
as a collection of discrete particles.
5.1.1 Cerenkov resonance
The Cerenkov resonance ω − k · v = ω(1− nβ cos θ) = 0 is possible in air due to
the refractive index, n, being slightly greater than unity in the radio range. It is
conventional to write n in terms of the radio refractivity, N ,
n = 1 +N × 10−6. (68)
In the following discussion the value N = N0 = 315 is assumed. Cerenkov emission
is possible for a particle with speed βc satisfying nβ > 1, which requires γ >
γ0 = 10
3/(2N0)
1/2 ≈ 40, corresponding to an electron (or positron) with energy
ε & 20MeV. An electron with γ > γ0 emits Cerenkov radiation at the Cerenkov
angle, Θ, satisfying 1− nβ cosΘ = 0, which corresponds to
Θ ≈ 1
γγ0
(γ2 − γ20)1/2. (69)
Emission and absorption occurs only at the Cerenkov angle, which increases from
Θ = 0 at γ = γ0 to Θ = 1/γ0 for γ ≫ γ0.
5.1.2 Cerenkov emission and absorption
Emission by a charge q moving along a trajectory, x = X(t), can be treated in
a general way by including the current due to the charge as a source term in
(the Fourier transformed) Maxwell’s equations, and including the response of the
medium in terms of the associated current induced by the field of the moving
charge. The current density associated with a single particle (sp) is Jsp(t,x) =
qv(t)δ3[x −X(t)], where v(t) = dX(t)/dt is its instantaneous velocity. Cerenkov
emission is due to a charge in constant rectilinear motion, and in this case the
trajectory may be written as X(t) = x0 + vt, where x0 is the position of the
charge at t = 0. The Fourier transform of the current is
J˜sp(ω,k) =
∫
dt d3xJsp(t,x)e
i(ωt−k·x) = e−ik·x0qv 2πδ(ω − k · v), (70)
where the final expression applies for Cerenkov emission. The current (70) is iden-
tified as the source terms Jext, in the wave equation (22), which is solved to find
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the electric field that it generates. The rate the current does work against the
electric field that it generates is identified as the power emitted.
The power, P (k) in the range d3k/(2π)3, is proportional to |e∗·J˜(ω,k)|2, where
e is the polarization vector, and ω and k are related by a dispersion relation, which
is ω = kc/n in the case of air. Summing over the two states of polarization, the
single-particle emission reduces to
Psp(k) =
q2c2|κ× β|2
2ε0ωn2
2πδ(1− nβ cosΘ), (71)
with β = v/c and k = (nω/c)κ. The power emitted per unit volume by a distri-
bution of electrons is given by multiplying by the distribution function, f(p), and
integrating over d3p. The absorption coefficient is given by a similar formula with
f(p) replaced by −k · ∂f(p)/∂p, cf. equation (12).
Negative absorption results in amplified Cerenkov emission for k · ∂f/∂p =
ω∂f/∂ε > 0. The condition ∂f/∂ε > 0 is satisfied at energies below where the
distribution peaks, which depends on the energy of the primary cosmic ray that
triggers the EAS. Only the square of the charge appears in equation (71), and
hence in the emission and absorption coefficients. It follows that electrons and
positrons contribute in the same way, in the sense that the distribution function,
f , may be interpreted as the sum of the electrons and positron contributions when
evaluating the emission and absorption coefficients.
Negative absorption is also possible for three emission mechanisms that are
related to Cerenkov emission: creation, annihilation and transition emissions. The
current associated with creation or annihilation emission is of the form given by
equation (70) with the δ-function replaced by a Lorentzian line profile, and both
can occur in vacuo. Transition emission may be regarded as the combination of
annihilation and creation emission as a particle crosses the boundary between two
semi-infinite media, one of which may be the vacuum. Negative absorption for
transition emission was discussed by Platonov and Fleyshman (1997).
5.1.3 Coherent Cerenkov emission by a bunch
In a continuum model for a bunch of particles, the distribution of particles is
regarded as a single macro-charge with a spatial distribution described by its
charge density, ρ(t,x), implying the current density J(t,x) = ρ(t,x)v, where it
is assumed that all the particles in the bunch have the same velocity v. This
corresponds to replacing the charge density, ρsp(t,x) = qδ
3[x − x0 − vt], for a
single charge, by ρ(t,x) = q¯n(x − x0 − vt) for the distribution of charge, with
the mean charge q¯ = −e, e and 0 for a bunch of electrons, positrons and pairs,
respectively. The current associated with the bunch gives
J˜(ω,k) = q¯v n˜(k) 2πδ(ω − k · v), n˜(k) =
∫
d3xn(x)e−ik·x. (72)
The power in coherent emission from the bunch is
Pcoh(k) =
q¯2
e2
|n˜(k)|2Psp(k). (73)
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A Gaussian model for the bunch of N particles with velocity along the z axis is
n(x) = N
e−(x
2+y2)/2R2
⊥
−z2/2Z2
(2π)3/2R2⊥Z
, n˜(k) = Ne−(k
2
⊥
R2
⊥
+k2
z
Z2)/2, (74)
where R⊥ and Z are constants. In the limit k
2
⊥R
2
⊥+ k
2
zZ
2 → 0 the power emitted
by the bunch is N2(q¯/e)2 times the power emitted by a single charge, so that the
bunch emits like a single electron with charge −Nq¯.
5.1.4 Coherent Cerenkov emission by a collection of charges
Emission by a collection of N individual charges may be treated by replacing the
single-particle current by the sum of the currents due to each of the charges. Let
the ith electron or positron, with charge qi = ∓e, have velocity vi and be at x = xi
at t = 0. The current (70) becomes
J˜(ω,k) =
∑
i
e−ik·xiqivi 2πδ(ω − k · vi), (75)
where the sum is over all the charges. The solution of the wave equation for the
electric field is then a sum over the electric field due to each charge. The power
emitted, ∝ |J˜(ω,k)|2, involves a double sum, over i, j say. The N terms with i = j
correspond to incoherent (spontaneous) emission from each of the charges. In this
model the coherent emission is described by the N(N − 1) terms with i 6= j. Such
a model is not restricted to Cerenkov emission; for example, White and Melrose
(1982) applied such a model to coherent gyromagnetic emission. For Cerenkov
emission, the δ-functions for i and j must be satisfied simultaneously, implying
that the contribution to coherent emission from particles i, j is nonzero only for
k · (vi − vj) = 0. A geometric interpretation is that, for xi 6= xj and vi 6= vj ,
the surfaces corresponding to the two Cerenkov cones associated with the two
particles intersect only along specific curves, and the coherent emission observed
from charges i, j is attributed to the observer being located on the relevant curve.
An alternative interpretation, that applies for any emission mechanism, involves
inverting the Fourier transform to identify the electric field at t,x associated with
each of the particles; the square of the total electric field far from the emission
region includes the cross terms between the electric fields from particles i, j.
5.2 Simulations of radio emission from EASs
Coherent emission in an EAS is conventionally treated using various air shower
codes, for example, “ZHAireS” (Alvarez-Mun˜iz et al, 2012). In these codes the
emission by individual charges is described using the Lie´nard-Wiechert potentials,
modified from their form in vacuo to apply to an isotropic medium with refractive
index n. The individual charges are assumed to move along trajectories, called
tracks, and the interference between the emission from different tracks is taken
into account. Conceptually, the simulation models are similar to emission by a
collection of charges, as discussed above in connection with Cerenkov emission,
with constant rectilinear motion replaced by the actual motion along the track.
The Lie´nard-Wiechert potentials give the electromagnetic field at an arbitrary
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point (identified as the position of the radio receiver here) as a function of time in
terms of the position on the track at the retarded time. The algorithm used does
not assume any specific emission mechanism and includes the effects of the charge
imbalance between electrons and positrons and of the geomagnetic field.
The simulations of EASs do not identify a specific emission mechanism directly.
The Cerenkov effect is important in producing ring-like structures in the emission
pattern, and synchrotron-like emission is clearly important in the simulations. An
adaption of methods used in treating synchrotron emission in astrophysics to treat
synchrotron emission in air (Rafat and Melrose, 2015) implies that the emission
should be synchrotron-like at lower frequencies and Cerenkov-like at higher fre-
quencies.
The success of the Monte Carlo approach in modelling radio emission from
EASs raises the question as to whether it could be adapted to apply to pulsar
radio emission. The use of the Lie´nard-Wiechert potentials is only valid for a con-
stant (frequency-independent) refractive index, and this condition is not satisfied
for wave dispersion in a pulsar plasma. The method can be generalized to find
the electric field E(ω,k) due to each charge, with the trajectory of each charge
including all relevant effects, such as curvature of the field lines and acceleration
by an oscillating E‖. The electric field E(t,x) of each charge is found by inverting
the Fourier transform. The total electric field at t,x due to all the particles can
then be modelled using the Monte Carlo approach. It is of interest to develop such
a model, which describes a form of coherent emission that has not been explored
in connection with pulsars. The feasibility of doing so has yet to be tested.
6 Phase Coherence
The concept of coherence is not well-defined in radio astronomy. Coherent emission
is identified only in terms of its brightness temperature, TB , when it is too high to
be explained in terms of any incoherent emission mechanism. This identification
is not related directly to phase coherence. Indeed, in the language of quantum op-
tics, specifying the brightness temperature is equivalent to specifying the photon
occupation number, and there is an uncertainty relation between the occupation
number and the phase. Hence specifying TB implies uncertainty in the phase, cor-
responding to the random phase approximation (RPA). Some more direct measure
of phase coherence is desirable.
Before discussing potentially observable quantities related to the phase coher-
ence, it is relevant to note that all observed forms of coherent emission seem to
include fine structures that are inconsistent with the RPA. Specifically, the only
form of coherent emission consistent with the RPA is maser emission, and this
requires that the bandwidth (which is the phase-mixing rate) of the growing wave
exceed the growth rate. For fine structures in a sufficiently narrow frequency range,
this condition must be violated.
6.1 Fine structures
Fine structures in solar radio bursts are discussed in Section 2.5, and most of these
can be explained in terms of various modified forms of plasma emission. However,
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Fig. 19 The model of Helliwell (1967) for discrete VLF emissions [from Melrose (1986b)]
ECME and several suggested pulsar emission are direct emission processes, in the
sense that the output of the maser is identified as the escaping radiation. For
such direct maser emission, fine structure can imply phase-coherent wave growth,
rather than the random-phase growth implicit in a maser theory.
Three relevant examples of fine structures are considered here:
– Fine structures in DAM were observed by Ellis (1973), who noted the similarity
with discrete VLF emissions in the terrestrial magnetosphere.
– Observations by Carr and Reyes (1999) with very high time resolution led to
the identification of phase-coherent features in DAM S bursts.
– Observations of the Crab pulsar on nanosecond timescales (Hankins and Eilek,
2007; Eilek and Hankins, 2016) led to the identification of fine structures called
nano-shots.
Consider a fine structure on a dynamic spectrum, consisting of a curve with
narrow widths in both frequency and time, ∆ω and ∆t say. To produce such a fine
structure requires growth of a narrow-frequency signal. Effective growth requires
a large growth factor, requiring at least several tens of growth times. Assuming
maser growth implies a growth rate < ∆ω and equating the growth time to ∆t
suggests that any fine structure with ∆ω∆t . 10–100 is inconsistent with maser
emission. This suggests that a phase-coherent form of wave growth is required. A
possible archetype for such wave growth is provided by discrete VLF emissions in
the terrestrial magnetosphere.
6.1.1 Discrete VLF emissions
Discrete VLF emissions in the magnetosphere are whistler waves excited by reso-
nant interactions with electrons (Helliwell, 1965). These emissions can be triggered
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by radio emission from the ground, a notable feature being triggering by Morse
code dashes (150ms) but not by Morse code dots (50ms). Individual narrow-band
VLF emissions drift in frequency, and exhibit a rich variety of features. Helliwell
(1967) developed a phenomenological model to account for these emission in terms
of a resonant interaction between whistlers and electrons in an interaction region
(IR). In this model the IR drifts along dipolar field lines such that the wave
properties, including the frequency, are changing while preserving the resonance
condition. The resonance condition, ω − Ωe − k‖v‖ = 0 can be approximated by
Ωe+k‖v‖ = 0, requiring that the resonant electrons and whistler waves propagate
in opposite directions along the magnetic field lines, k‖v‖ < 0. Assuming paral-
lel propagation, the resonant velocity, v‖ = vres, corresponds to vres = −Ωe/k
with k2 = ω2pω/Ωec
2. As illustrated in Figure 19, resonant electrons enter the
IR from one side, BR, and their phase-bunching by the waves increases as they
propagate to the right; the waves enter the IR from the other side, GR, and their
amplitude grows spatially within the IR due to the resonant interaction with the
phase-bunched electrons.
Analytic models for the growth of discrete VLF emissions involve a reactive
instability (Nunn, 1974; Omura et al, 1991; Nunn, 2015) and associated trapping
of particles in the growing wave (Roux and Pellat, 1978). Trapping of particles in a
finite-amplitude electrostatic wave is described by equations (7)–(9). An analogous
effect occurs in a finite-amplitude wave growing through a reactive cyclotron insta-
bility. As already remarked, there are reactive counterparts of parallel-driven and
perpendicular maser cyclotron instabilities, and these are associated with axial and
azimuthal bunching, respectively (Sprangle and Drobot, 1977; Winglee, 1983). In
the application to whistlers, the relevant bunching is in the difference between the
phase of the wave and the gyrophase of the electron, cf. §11.6 and §13.3 in Melrose
(1986b). The trapping frequency in a parallel-propagating whistler wave may be
approximated by
ωt =
(
Ωekv⊥
Bw
B
)1/2
, (76)
with k = nwω/c, nw ≈ (ω2p/ωΩe)1/2, and where Bw = nwEw/c is the magnetic
field in a whistler wave with electric field Ew.
6.1.2 Trapping models for fine structures
Fine structures with sufficiently narrow bandwidths imply phase-coherence and
growth of a phase-coherent wave suggests a reactive instability. As a reactive insta-
bility develops, the growing wave traps particles, and this trapping and associated
phase bunching underlies the wave growth. In the case of ECME, such bunching
is in azimuthal phase, similar to that in discrete VLF emissions. The superficial
similarity between the fine structures observed in DAM (Ellis, 1973) and discrete
VLF emissions suggests that a modified form of the model of Helliwell (1967) for
VLF emissions applies to fine structures in DAM (Melrose, 1986a; Willes, 2002).
In such a model, the growing wave is a large-amplitude x mode wave that traps
resonant electrons about a specific relative phase between the wave and the gy-
rating electron. The electron distribution needs to be in a marginally stable (or
unstable) state to allow this trapping to transfer energy from the resonant elec-
trons to the growing wave. The trapping modifies the local (in the region of wave
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growth) distribution function of the electrons, such that the tendency to growth
is reduced.
It seems plausible that some form of trapping model might also be relevant
to fine structures in pulsar radio emission. For example the model of Weatherall
(1997, 1998) for nanostructures in the Crab pulsar incorporates some of these
ideas. More generally, imposing the requirement that the (unknown) pulsar radio
emission mechanism must be capable of accounting for the nano-shots in the Crab
pulsar is a potentially useful constraint on possible emission mechanisms, requiring
that it allow phase-coherent wave growth and associated particle trapping in the
growing wave.
6.1.3 Compatibility with random-phase models
Such trapping models suggest a different model for coherent emission than the
maser-based models discussed above. The alternative model involves individual
bursts of phase-coherent growth, and associated particle trapping in the growing
wave, with a statistically large number of such individual bursts of growth occur-
ring in the source region at any given time. In such a model, the particle distribu-
tion is maintained in a marginally stable state with the driving towards instability
being balanced by a large number of individual bursts of wave growth. This is
similar to the model for intermittency in the growth of Langmuir waves discussed
in Section 2.6, with the difference here being that the individual bursts of wave
growth are phase-coherent. Superficially, this might seem inconsistent with a maser
model, and the associated quasilinear relaxation of the particle distribution, whose
derivation assumes the random phase approximation. However, there is a counter-
argument (Melrose and Cramer, 1989) that suggests that the maser/quasilinear
treatment can remain valid even if the individual bursts of wave growth are phase
coherent.
The argument is that the quasilinear equations for the waves and the particles
can be derived by considering any statistical distribution of individual bursts of
wave growth that involve transfer of energy (and momentum where relevant) be-
tween particles and waves. One can construct a transfer equation that describes
the wave growth and a quasilinear equation (e.g., a Fokker-Planck equation) that
describes the back reaction on the distribution of particles. Rather than requiring
random phases in treating the wave growth, such a model requires only that the
phases (and other properties) of the individual bursts of wave growth be uncorre-
lated.
6.2 Measurement of coherence
The only widely accepted criterion for “coherent” emission in astrophysics is that
the brightness temperature is too high to be explained by any incoherent mech-
anism. The observation of phase-coherent features, such as in DAM S bursts
(Carr and Reyes, 1999), suggests that direct observation of phase-coherent fea-
tures is possible. A measure that describes the degree of phase coherence is desir-
able. One such measure is familiar in quantum optics. Photon counting statistics
are poissonian for a phase coherent signal, but are subject to photon bunching for
a random-phase signal. A purely classical counterpart involves fluctuations in the
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intensity of the signal. One specific measure of coherence is the ratio 〈I2〉 of the
mean square intensity to the square of the mean intensity 〈I〉. More generally, one
may write
〈IN 〉 = gN 〈I〉N . (77)
For a phase-coherent signal one has gN = 1 and for a random-phase signal one has
gN = N !. Thus, for N = 2, 1 ≤ g2 ≤ 2 is a quantitative measure of the degree of
coherence. For polarized emission, described by the Stokes parameters I, Q, U, V
one may generalize equation (77) with N = 2 to the average of a product of any
pair of I, Q, U, V to the product of the averages, resulting in g2 being generalized
to ten polarization-dependent coefficients.
Consider the model suggested by Carr and Reyes (1999), that the observed
signal consists of “a superposition of groups of pulses from closely spaced but
independent short-lived emission centers that are nearly monochromatic but differ
slightly in frequency”. Measurements with increasing resolution should show g2
decreasing from 2 to 1 as a function of the sampling time and bandwidth, as the
number of overlapping signals reduces from many to one. Any such measurement
would provide new information on the coherence properties of the source, allowing
specific models to be tested. As suggested by the foregoing discussion of discrete-
VLF-like structures, one possible model for coherent emission involves a statistical
distribution of phase-coherent structures that grow through a reactive instability
and saturate due to trapping of particles in the wave, and this is consistent with
the model suggested by Carr and Reyes (1999).
7 Conclusions
Coherent emission is somewhat loosely defined as any emission that is too bright
to be explained in terms of any incoherent emission mechanism. Each of the three
forms of coherent emission discussed in this paper has been known for between
five and seven decades, but over that time the theories developed to describe them
have progressed at different rates and reached different levels of maturity.
Plasma emission and its application to solar radio bursts is a mature field
in which the underlying ideas are well established. The theory accounts well for
general features of solar radio bursts and for many detailed features of emissions
observed from the solar corona, the interplanetary medium and other sources of
plasma emission. However, there remain important aspects of solar radio bursts
that are inadequately understood, notably type I emission and various radio con-
tinua. It seems likely that future progress in understanding these aspects will
involve modifications of the basic theory, rather than an intrinsically new theory.
ECME is also a mature field but with some uncertainties concerning important
details. In the application to AKR there are in situ data on the electron distribution
that drives the ECME and on the plasma properties in the source region, and these
data provide strong support for the horseshoe-driven version of ECME. However,
in the application to DAM there is evidence (from the emission pattern and the
elliptical polarization) that favors a loss-cone driven model. Which of these two
versions of ECME operates in solar spike bursts and the emission from flare stars
is uncertain. Despite such uncertainties, the importance of ECME as a coherent
emission mechanism is well established.
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The pulsar radio emission mechanism remains an enigma. There is an enor-
mous body of observational data on pulsars and a plethora of ideas relating to
the interpretation of the radio emission, but no consensus has emerged concerning
the emission mechanism. There are ongoing arguments in favor of all four mech-
anisms, for example, Mitra et al (2009) in favor of coherent curvature emission
(CE), Eilek and Hankins (2016) in favor of relativistic plasma emission (RPE)
for nanoshots from the Crab pulsar (and also zebra patterns (Zheleznyakov et al,
2012) similar to the solar counterpart), and Lyutikov (2007); Lomiashvili and Lyutikov
(2014) for giant pulses from the Crab pulsar and emission from the double pulsar
in terms of anomalous Doppler emission (ADE). However, as discussed in Sec-
tion 4.8, there are seemingly compelling arguments against each of these emission
mechanisms.
It may be that some important idea is missing in the discussion about emis-
sion mechanisms. For example, the strong argument (Eilek and Hankins, 2016) in
favor of RPE is negated by the seeming impossibility of generating Langmuir-like
waves through a beam instability when the relativistic energy spread in the elec-
trons is taken into account. Maybe, rather than the Langmuir-like waves being
attributed to a beam instability, they should be identified with the oscillations
(Levinson et al, 2005; Beloborodov and Thompson, 2007; Luo and Melrose, 2008)
that develop as the plasma attempts to screen the E‖ that arises from the induc-
tive electric field. RPE based on this suggestion would requires a second stage to
produce escaping radiation. A further suggestion that needs to be explored is that
the conversion mechanism could be interpreted as a maser form of LAE (Melrose,
1978; Melrose et al, 2009; Reville and Kirk, 2010).
A more general aspect of coherent emission mechanisms is that the instability
involved operates only in a large number of localized, transient events. Some of the
words used to describe this aspect include: intermittency, fine structures, discrete
emissions, short-lived emission centers, microstructure and nanoshots; some of the
ideas invoked to model it include: marginal stability, stochastic growth theory and
wave trapping. We need both a basic theory to describe the appropriate instability
and its local effect on the distribution of particles, and also a statistical model to
describe the radio source formed by the envelope of the localized, transient events.
The concept of coherence in radio astronomy needs further development, par-
ticularly through direct measurements of coherence. As noted here there is an ob-
servable quantity, g2 = 〈I2〉/〈I〉2, that is measurable in principle, and provides a
direct measure of coherence. In an idealized model, the value of g2 should decrease
from 2 to 1 as the time and frequency resolutions changes, providing information
on the coherence properties of the source.
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